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ABSTRACT
Gradual Memory Safety
By

Jack Phillips

This paper extends the theory of Gradual Types to include memory safe Region-Types and
Region-Based Memory Management. It also makes advancements in the capabilities of

Region-Based systems. Lastly, it presents the gvejk language and the HaSek Type System.
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1 Introduction

Memory errors are one of the biggest issues concerning security. Microsoft,
Google, and Apple report that memory errors cause approximately 60-70% of their security
VulnerabilitiesE] Memory-safe languages and approaches have existed for decades, but they
all have flaws. In recent years, Memory Safety, without garbage collectors, has become
increasingly popular. Region-Based Memory Management is one of the most researched
approaches. Traditional Region-Based Memory Systems are verbose and restrictive. They
require users to manage regions manually and often require complex annotations. They
also impose significant limitations on programs, such as disallowing cycles. This Paper
extends Gradual Typing, a recent and popular approach to modern type systems, to
Region-Based Memory Management. Specifically, terms typed alpha are dynamic and
not stored in Regions, so they have more features and fewer restrictions. Also, I include
extensive type inference to massively reduce type annotations that are normally mandatory.
Lastly, I formalize it in one language, Svejk, under one cohesive type system, HaSek. More
specifically, my results are: a unified System and Programming Language for Gradual, Safe
Memory Management, an approach to references that voids restraints imposed by most
region-based memory management type systems, a reduction in the number of required
annotations required by Memory Safe Region-Based Type Systems, a rigorous explanation
of the static and dynamic Semantics of core gvejk, a Small-step Operational Semantics

and a rigorous proof of soundness.

1. “BACK TO THE BUILDING BLOCKS: A Path Toward Secure AND Measurable Software,”
(accessed: 03.5.2024), https://www.whitehouse.gov /wp- content / uploads /2024 /02 / Final- ONCD -
Technical-Report.pdf.


https://www.whitehouse.gov/wp-content/uploads/2024/02/Final-ONCD-Technical-Report.pdf
https://www.whitehouse.gov/wp-content/uploads/2024/02/Final-ONCD-Technical-Report.pdf

2 Basic Foundations

Gradually typed systems combine dynamic and static typing under one type
system. Also, in Gradually Typed systems, type annotations are optional whenever
possible. In essence, a Gradual Type System is a static type system with a special dynamic
type. The special dynamic type acts like a supertype of all other typed expressions. In my

system, I call this type alpha and type inference works by traversing the type rules.

1 |struct str {something:alpha}l

s|let x = 1; # walid, type <s infered as an int
s |x = 1; # walid
s |x = false; # invalzd

7|let y: alpha = 1;

s |x = false; # walid

o |x = [1, 2, 3]; # walid
10
u |let z:[alpha] = [1, true, truel; # wvalid
12
13|z = str{something=x}; # not walid, alpha !'= [alphal
u |z[1] = str{something=x}; # walid

Figure 1: Gradual Typing

In Figure (1}, memory is allocated and deallocated automatically through regions.
Region Types obfuscate memory management safely without using a garbage collector.
Memory is allocated and freed through Regions, and the Type System guarantees that
Region allocation and freeing are safe. Furthermore, Region Type Systems guarantee safe
accessing and modifying memory, thus eliminating most memory errors. Simple regions
correspond to lexical regions. However, there are more sophisticated dynamic regions where
this isn’t the case. So, the best way to think about Regions is through their definitions

and encoding in the type system and semantics.



2.1 Notation

I describe most notation as it is needed. However, there is some ubiquitous
notation that is use throughout, so I describe it here. Let M be some mapping, M: A —
B. If a1 € A and by € B, define M" = M|[by/a1] such that M'(a;) = by, and M'(a) = M(a)
where a € A and a # a1. Also, if a1 € A, by € B and M(a1) = by define M’ = M/aq, such
that a; ¢ domain(M'), and M'(a) = M(a) where a € A and a # a;.

Inference Rules are of the form:

Premise; Premaises ... Premise,

(Inference-Rule) : , ,
Conclusiony Conclusions ... Conclusion,,

Figure 2: Inference Rules

For this paper, an inference rule consists of n premises and m conclusions. You
can derive any of the m conclusions if all of the n premises are true. There might be zero

premises, in which case the rule is an axiom.



3 Static Semantics

3.1 Foreword

Bertrand Russel devised a Theory of Types to rid formal logic and set theory
of paradoxes in the early 20th centuryE] Over time, type theory found its way into
programming language design. Type Systems are especially useful for ridding programming
languages of errors. Specifically, a type system limits valid programs to programs for
which a type can be derived from a set of rules. In other words, a type system only allows
programs that type check. Furthermore, the rules ensure that if a program has an error, a
type cannot be derived, so the program doesn’t type check.

While there are other approaches to handling errors in programming languages,
types are simple and precise. They are so simple a compiler can usually incorporate
type checking with little overhead, catching errors efficiently before running the program.
Traditional type systems are simple, and catch basic errors such as suming a string
and an integer. However, type systems are far more powerful and can eliminate more
sophisticated and subtle errors like memory errors. With more complex type systems, a
formal explanation of the type system is more important to fully describe it and to show
that it works. So, I give a formal presentation of the type system and semantics.

Lastly, my idea is original, as is my approach, but I didn’t come up with type
systems. [ also didn’t come up with Region-Based Memory Management or Gradual Typing.
In short, while I comfortably claim these typing rules are my own, I took inspiration for

them from a few places. See references: 2, 3, 4, 5, 8, 9 and 10.

2. Benjamin C. Pierce, “Types and programming languages” (MIT press, 2002).

4



3.2 Basics

Typing judgements are traditionally of the form I' - E': ¢, meaning in the typing
context I', E yields type t. However, more complex type systems require more complex
typing contexts. For my thesis the typing context is: Fj,Sq, Rs, Fs and typing judgements
are of the form Fj;, 5S4, Rs, Es = E : t, meaning in the typing context of a set of function
definitions F, a set of structure definitions Sy, a set of regions Rs and a set of environments

FEs, E yields type t.



3.3 Types and Typing Context

Fi:Fig— Fig(Py: T2, P2 Ts,...P, : T),) — T (Fjq is a function name, Py, P,...P,
are parameters, T1,Ts,...T,, are parameter types T is the return type).

Sq:Sig> Sig(Ar:Th, Ay Tn, .. Ay 2 Ty,) (Siq is the structure name, Aj, Ao, ... A, are
attribute names, T1,T5,...T;, are attribute types).

Rs={Ri1,Ra,..Ry},R; :id—t (id is an identifier and t is a type)

Es={E1,Ey,...Ep},E; - id—t (id is an identifier and t is a type)

Figure 3: Typing Context

Integers: int

Boolean: bool

Unsafe, Dynamic Type: «

Value Style References: *ref(id, t)
Address Style References: ref(id, t)
List Types: [t] (t is a valid type)

Structure Types: S;q(A1 : T1,As : To,...Ay 1 Tp,) (S;q is the structure name,
A1, Ag, ... A, are attribute names, T7,T5,...T,, are attribute types).

Function Type: Fjq(Py: T, Py :Ts,...P,:T,) — T (Fjq is a function name, Py, Py, ... P,
are parameters, 17,75, ...T,, are parameter types 7T is the return type).

Safe Statement: void x t (t is a valid type capturing the return)

Unsafe Statement: o x ¢ (t is a valid type capturing the return)

Figure 4: Types of Types One



Definition A type t is safe if:
t = int or bool
t = xref(id,t') or t = ref(id,t') and ¢’ is safe
t = [t'] and t' is safe
Sa(t) = Sig(ay = t1,az : ta,...ap : t,) and t; is safe Vt € ty,t9,...t,
t = vord x T and T is safe
Definition A type t is unsafe if:
t =«
t = xref(id,t') or t = ref(id,t') and ¢’ is unsafe
t = [t'] and t’ is unsafe
Sq(t) = Siq(ay : t1,a : ta,...ap : t,) and Jt; € t1,t9,...t,, such that ¢; is unsafe
t=axT
Definition: Subtyping: t1 <: t2, t1 is a subtype of t2

Figure 5: Safe, Unsafe and Subtyping Definition



3.4 Definitions and Functions

Definition: closeScope closeScope(Rs, Es) = R., E,
R. = R, without R € Ry, where R' = R, VR' € R;
E! = E, without F € Ey, where E' = E, VE' € E
Definition: newScope

newScope(Rs) = R, where Rs' = R, with some new Region R = () such that
R' = R,VYR' € R;

newScope(Es) = E. where Es' = Eg with some new Environment F = () such that
E'= ENVE € E;

Definition: declare
declare(Ryg,id,t) = R, Rs' = Ry where R[t/id] for R = find(Rs,id)
declare(Es,id,t) = E., Es' = Es where E[t/id] for E = find(Eys,id)
Definition: find
find(Rs,id) = R, where R' = R, VR' € R, such that R'(id) =t and R(id) =t
find(Es,id) = E, where E' = E, VE' € E4 such that E'(id) =t and E(id) =t
Definition: currentScope
currentScope(Rs,id) = R, where R' = R, VR' € R,

currentScope(FEs,id) = E, where E' = E, VE' € Fj

Figure 6: Type System Function Definitions



3.5 Type System

Simple Expressions

7 is a valid integer
Fy,S4,Rs, Es 1 :int

(TS-E-1)

b is a valid boolean

Fy. 54, Rs, Es b :bool

(TS-E-2)

Fd,Sd,RS,ES F bl : bool Fd,Sd,RS,ES F bQ : bool
op € {and,or}
Fd,Sd,RS,ES + bl op b2 : bool

(TS-E-3)

Fd)‘sdyRSaEsl_bl:tl Fdasd7R87Esl_b2:t2
(t1 = a Nty =bool) V (ta = a Nty = bool) Vi1,ta = «
op € {and,or}

(TS-E-3a)
Fd7Sd7R87ES - bl op b2 Yo’

Fy,S4,Rs, Es b : bool
Fy,S4,Rs, Es =1b : bool

(TS-E-4)

Fy. S5, Rs, EsFb:«

TS-E-4
( a) Fy,S4,Rs, EsFb:

Figure 7: Simple Expression Typing Rules A



Fd,Sd,Rs,Esl—il sint Fd,Sd,RS,ESI—iQ sint
Op € {+7_a*}
Fy,S4,Rs, Es 11 op 19 :int

(TS-E-5)

FdasdaR&ES}_il:tl Fdan7RS7ES|_i2:t2
op € {_'_7'7*}
(tl =aNts :int)\/<t2 =aNt] :int)vtl,tg =«

(TS-E-5a) . .
Fd75d7R87ES I_21 op 12 1 &

Fy,84,Rs, Es 11 - int Fy,84,Rs, Es 9 - int
op € {<,>,==}
Fy,S4,Rs, Es =11 op 15 : bool

(TS-E-6)

Fd7Sd7R87E5|_Z.1:t1 FdasdvRS)Esl_iQ:tQ
op € {<,>,==}
(tl =aAts :int)\/(tg =aNt :int)\/tl,tz =«
Fd,Sd,RS,ES l—’il op ig ey

(TS-E-6a)

Figure 8: More Simple Expression Typing Rules A

10



Variable Declaration

id is a valid identifier
id ¢ currentScope(Rs) U currentScope(Es)
Fy,Sq, R, EsFe: tVe=nil
tis safe  t# ref(id ,t')
Fy,Sq, Rs, EsFlet id:t = e; :void X void
Fy,Sq, Rs, EsFlet id = e; :void X void

(TS-D-1)

id is a valid identifier
id ¢ currentScope(Rs) U currentScope(Es)
Fy,Sq4,Rs, Es e ref(id ,t)
id # id t is safe
Fy, S, Rs, EsFlet id:t = e; :void X void
Fy,Sq, Rs, Es Flet id = e; :void X void

(TS-D-2)

id is a valid identifier
id ¢ currentScope(Rs) U currentScope(Es)
Fy.S;,Rs,EskFe:t
t is unsafe t # ref(id ')
F;.S;,Rs,EsFlet id:t = e; : axwvoid
Fy,S4,Rs, EsFlet id = e; : axvoid

(TS-D-1a)

id is a valid identifier
id ¢ currentScope(Rs) U currentScope(Es)
Fy,S4,Rs, Es - e : ref(id' ,t)

t is unsafe id # id'
Fy. S, Rs, EsFlet id:t = e; : axwvoid
Fy. 54, R, EsFlet id = e; : axvoid
Fy.S;,Rs,EstFlet id:a = e; : aXwvoid

(TS-D-2a)

Figure 9: Variable Declaration Typing Rules

11



id is a valid identifier
id ¢ currentScope(Rs)UcurrentScope(Es)
Fy,S4,Rs,EsFe:tVe=nmnil

(TS-D-1b) t # ref(id ')

Fy,Sq, Rs,EsEletid:a = e; : axvoid

Figure 10: More Variable Declaration Typing Rules

12



Assignment
find(Rs,id) = R R(id) =t
Fy. 5, Rs, EsFe: tVe=nil
Fy,S4,Rs, EsFid = e ; :void X void

(TS-A-1)

Fy,S4,Rs, Es - e : ref(id' ,t) id # id'
find(Rs,id) = R find(Rs,id' ) = R’
R(id) = R'(id") = t R' =R
Fy,S4,Rs, EsFid = e ; :void X void

(TS-A-2)

find(Es,id) = E
Fy,S4,Rs,EsFe:tVe=nmnil

(TS-A-1a) ; .
Fy,S4,Rs, Est1d = e ; :axwvoid

Fy,S4, R, B - ref(id | t) id # id
find(Es,id)=E  find(Es,id) = E'
Fy,S4,Rs, EsHid = e ; : axwvoid

(TS-V-A-2a)

Reference

find(Rs,id) = RAR(id) = t V
find(Es,id) = E A E(id) = t
Fy,S4,Rs, Es Fid : xref(id,t)
Fy,S4, Rs, Es F &id : ref(id,t) TS-R-2
Fy,Sq,Rs, Es - ref{id,a} : ref(id,t) sref(id,t) <:t ( )

(TS-R-1)

Figure 11: Other Variable Typing Rules A

13



Scope

id is a valid identifier
id ¢ currentScope(Rs) U currentScope(Es)
Fy,54,Rs,Este: t
tis safe  t# ref(id ,t')

R, = declare(Rs,id,t)
Fd,Sd,R/S,E St xt”
F;,S4,Rs,EFletid:t = e;S:t" xt"”
F;,8;,Rs,EFletid = €5 :t" xt"”

(TS-S-1)

id is a valid identifier
id ¢ currentScope(Rs) U currentScope(Es)
Fy,84,Rs, Es e ref(id ,t)
id # id' t is safe
Rl = declare(Rys,id,t)
Fd,Sd,RIS,E FS:t/xt”
Fp,8;,Rs,Etletid:t = e;S:t' xt”
F;,8;,Rs,Etletid = €5 :t' xt”

(TS-S-2)

id is a valid identifier
id ¢ currentScope(Rs) U currentScope(Es)
Fy,S4,Rs,Este:t
tis unsafe  t # ref(id ;')

E. = declare(Ey,id,t)
Fy,S4,Rs, EL 1= St x
F;,8;, R, EsFletid:t = €5 :axt"”
F;,S4,Rs, EsFletid = e;S :axt"”
F1,S4,Rs, E & let id = nil; S :axt”

(TS-S-1a)

id is a valid identifier
id ¢ currentScope(Rs)UcurrentScope(Es)
Fy,S4,Rs, Es e : ref(id' ,t)
t is unsafe id # id'

E. = declare(Ey,id,t)
Fy.Sq,Re, EL- St x t”
F;,S4,Rs,EsFletid:t = e;5 :axt”
F;.8;,Re,EsFletid = e;5 :axt’

(TS-S-2a)

Figure 12: Scope Typing Rules
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id is a valid identifier
id ¢ currentScope(Rs)UcurrentScope(Es)
Fy,S4,Rs, Es e : ref(id' ,t)
t is unsafe id # id'
E! = declare(Eys,id, o)
Fd,Sd,Rs,Eg FS:t xt”

TS-S-2b
( ) F3,S4,Rs,EsFletid:a = ¢S taxt”

id is a valid identifier
id ¢ currentScope(Rs)UcurrentScope(Es)
Fy,S4,Rs,EsFe:tVe=nmnil
t # ref(id ')
E! = declare(Eys,id, o)
Fd,Sd,RS,ES FS: t” X t”/
Fy.S;,Rs,EsFletid:a = ;S :axt

7~ (TS-S-1b)

Figure 13: More Scope Typing Rules
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Control Flow

E!. = newScope(Ey)

R!, = newScope(Ry)
Fy,S4,Rs, EsFb :bool
Fy,S4, R, EL =Sy void x t
Fd,Sd,RIS,E; F SQ cvoid X t

TS-C-1
( ) Fy,Sq,Rs, Estif b {S1} else {Sa} :void x t

E!. = newScope(Ey)

R., = newScope(Ry)
Fy,S4,Rs, EsFb :tq
Fd,Sd,Rg,Eg FSp itoxt
Fd,Sd,R;,E; F Sy :t3 X '

(ty =boolVt; =) At #t"
Fy,Sq,Rs, Estif b {S1} else {S2}:axa

(TS-C-1a)

E!. = newScope(Ey)

Rl = newScope(Ry)
Fy,S4,Rs, EsFb : tq
Fd,Sd,Rg,Eg FSp itoxt
Fd,Sd,Rg,E; F Sy :tg X t
t1 =aV(t; =bool ANty = «)
Fy,84,Rs,Es-if b {S1} else {Sa2} :axt

(TS-C-1b)

E!. = newScope(Eys)

Rl = newScope(Ry)
Fy,S4,Rs, EsE D :bool
Fy,84,R,,E. =S 1woidxt
Fy4,S4, Rs, Es Fwhile b {S} :void x t

(TS-C-2)

E! = newScope(Es)
R., = newScope(Rs)
Fd,Sd,RS,ES Fb :t
Fd,Sd,R/S,E; FS ot xt”
=aV (t=bool ANt = )
Fy,S4,Rs, Es - while b {S} : a x

i (TS-C-2a)

Figure 14: Control Flow Statement Typing Rules
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Fd>Sd>Rs>Esl_Sl txt
Fd,Sd,RS,ESFSQ txt
S isn’t a let statement

TS-C-3
( )Fd,Sd,RS,Esl—Sl Sy:txt

Fy,S4,Rs,EsE S 1 X '
Fy, 54, Rs, Es - S9 1 tg X "
ti=aVte=aVt £t
S1 isn’t a let statement
Fd,Sd,RS,ES F Sl SQ X o

(TS-C-3a)

Figure 15: More Control Flow Statement Typing Rules
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Other Statements
Fd,Sd,RS,ES Fe:t
t is safe

TS-R-1
( ) Fy,S84, Rs, Es = return e; :void x t

Fd,Sd,RS,ES Fe:t
t is unsafe
Fy,S4,Rs, Es Freturn e; @ a X

; (TS-R-1a)

Fy,54,Rs,Ese:t t is safe
Fy,S4,Rs, Es F e;:void x void

(TS-0-1)

Fy,S4,Rs, Ese:t t is unsafe
Fy,S4,Rs, Es - e;: a xvoid

(TS-0O-1a)

Fy,84,Rs, Es e :ref(id ,t) t is unsafe
Fy,S4,Rs, EsF free (e);: axwvoid

(TS-0-2)

Figure 16: Other Statement Typing Rules
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Function Definitions

Fd(Fi ) = Fid(Pl :Tl,PQ : TQ,...Pn : Tn) — Tr

Py, P, ..., P, are unique

VteTy, Ts, ..., Ty, T, : tis safe

R ={P :T\,Py:Ty,...P,:T,}

R, ={R}
Fy,Sq, R, Est=S1 Sa ... Sj return e;: void x T
T =T, NT" # ref(id, T")
J,m >0

TS-F-1
( ) Fd,Sd,RS,ESI—def Fz‘d(PliTl, PQ:TQ,... Pn:Tn)—>

T, {S1 S2 ... Sj return e;} : Fg(Py:Th, Po:To,... Py Ty) = T,

Fd<Fi ) = Fz’d(Pl :Tl,PQ : TQ,...Pn : Tn) — TT
Py, P, ..., P, are unique
Vt e Tu1, Tao, ..., Typ: tis safe
Vte T, Teo, ..., Teg, T : tis unsafe
b,d,n >0 b+d=n
Tala Ta27 3] TabUch Tc2> ey Teq =11, TZa X Ty
R ={Pu1 :To1,Pa2: Tao,.... Py Ty}

E' ={P. :Ta,Po:Tw,...Pq: T}
R—{R} E—{F)
Fy,Sq, R, EL =51 Sy ... S; return e;: o X T/
TT:a\/T;:TT

(TS-F-1a)
Fd,Sd,RS,E - def Fid(Pl ZTl, P2 : TQ,... Pn . Tn) —

Tr {Sl SQ Sj return 6;} : Fz’d(Pl 2T1, PQ : TQ,... Pn : Tn) — TT

Figure 17: Function Definition Typing Rules
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Function Call

Fd<Fz’d) = Fz’d(Pl : Tl,PQ : TQ, Pn : Tn) — T
(Fd,Sd,Rs,Es - argy : Tl) V (Fd,Sd,RS,ES - argy : T1/ NTY = Oé)\/
(Fy,S4,Rs, Es & argy : ref(id, T1)) V arg; = nil
(Fy,S4,Rs, Es-args : To)V (Fy,Sq, Rs, Es - argy : Ty ATy = )V
(Fy,Sq,Rs, Es = args : ref(id, T3)) V args = nil

(Fy,S4,Rs, Es - argpn : Ty)V (Fy, Sq, Rs, Es & argy, : T, ATy, = a)V
(Fy, S84, Rs, Es = argy : ref(id,T,,)) V argy, = nil

(TS-F-2)
Fy,54,Rs, Es - Fyglarg, arga,... argy) : Fig(Py T, Py : Ts,..P, : T,) = T

Figure 18: Function Call Typing Rules

Structure Definition

Sa(Sia) = Sia(A1:Th, Ag: T, ..., Ay Th)

Ay, Ag, ..., A, are unique
VteTy, Ty, ..., T, : t is safe Vt is unsafe
n>1

TS-St-1
( ) Fd,Sd,RS,ES F struct Sid{Al : Tl, A2 :TQ,..., An . Tn} .

Sia(Ar: Ty, Ag: Ty, ..., Ay :Ty)

Figure 19: Structure Definition Typing Rules
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Structure Literal

Sa(Sia) = Sia(A1:T1, Az Th, ..., Ap:Ty)
Fy,S4,Rs, Es Feq ST{/\T{ =TVl =«
Fy, S5, Rs, Es e TQI/\TQI =T VIi=«a

Fy, 84, Re, Esten : T.AT. =Ty v Ty = o

TS-St-2
( ) Fy,84,Rs, EsF Sig{A1=e1, Ay =ea,..., Ay =en}: Sig

Figure 20: Structure Literal Typing Rules
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Structure Assignment

Fy,S4,Rs, Es e : xref(id’, Siq)

Sd(Sid) = Sid<A1 : Tl, AQ : TQ, cees An : Tn>
VteTy,Ts,... T), : t is safe d=A; € A1, Aq,... A,
Fy,54,Rs,Est-e9:T; T; # ref(id” t)
Fy,S4, Rs, Es Feq.id = es : void X void

(TS-St-3)

Fy,S4,Rs, Es e : xref(id’, Siq)

Sa(Siq) = Sia(Ar:Th, Ag:Ta, ..., Ap:Ty)
VteT1,Ts,... T, : t is safe d=A; € A1, Aq,... A,
Fy,S4,Rs, Es &= eo : ref(id” | T;)
find(Rs,id) =R  find(Rs,id") =R R =R
Fy,S4, Rs, Es Feq.id = es : void X void

(TS-St-3a)

Fd,Sd,RS,ES H el *T@f(id/,sid)
Sa(Sia) = Sia(Ar: T, Ax: Ty, ..., Ay :Ty)
id=A; € A1, A9,... Ay, T; is unsafe
Fy,84,Rs, Est-e9:T) T/ =T;VT; =« T! # ref(id”  t)

TS-St-3b
( ) Fy,S4, R, EsFeq.id = eo : a X void

Fd,Sd,RS,ES - €1 . *T@f(id/,sid)
Sa(Sia) = Sia(Ar: T1, Ag: Ty, ..., Ay :Ty)
id=A; € A1, A9,... Ay, T; is unsafe
Fg,S4,Rs, Bs - ea i ref(id | T;)  T,=aVT =T,

TS-St-3
( ©) Fy, 54, Rs, Es Fej.ad =es : a X void

Fy,S4,Rs, Es - eq - xref(id o)
Fd?‘sd’RS;ES }_62 it
t # ref(id” ')

TS-St-3d
( ) Fy,S4,Rs, EsFeq.id = eo : a X void

Figure 21: Structure Assignment Typing Rules
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Structure Assignment

Fy,S4,Rs, Es - e1 : xref(id o)
Fy,Sq,Rs, Eg - es : ref(id” 1)
t is unsafe
Fy,S4, R, Es Feq.1d =eo : a X void

(TS-St-3e)

Figure 22: More Structure Assignment Typing Rules

Structure Attribute References
Fy,Sq,Rs, Es ey : xref(id’, Siq)

Sa(Siq) = Sia(A1 Ty, Ay :To, ..., Ay Ty)
id=A; EAl,AQ,...An

TS-St-4
( ) Fy,84,Rs, B &= eq.id : xref(id’ | T;)
Fd,Sd,RS,ES F &el.id : TEf(id/,Ti)
(TS-St-5) Fy,S4,Rs, Es - eq - xref(id o)

FdasduRS;Es + el.'id e

Figure 23: Structure Reference Typing Rules
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Global Definitions

Ty = Fiq1(P11:T11, Pia:Ti2,..; Ping i Ting) — Tr1
’
Ty = Fiq2(P21 : Ta1, Pa2 :Ta2,..., Pang :Tan,) = Tra

) :
Tj = Figj(Pj1: Ty, Piz: Tjaoos Ping i Ty ) = T

’ 1" % %
Tj+1 =Siq1(A11 : Ty, A12:Tyg, ..., Atmy :Tlml)

! 17 11 1!
Tj+2 = Siq2(A21 : Ty, A2z :Toy,..., A2mg ¢ T2m2)

! 17 i 1! 17
Tk = Sian (A1 : Ti1s Apz i Ty Akmy, # Thom, )

Fg1 = FqlT] /Fi1llT5 /Fiaz) - [Tj /Figj]
Sa1 = SalTj 1 /SiarllTjio /Siaz] -+ (Tjyy /Siax]
Fg1,841,Rs, Es Fdef Fig1(P11:Ti1, Pi2:Ti2,..., Piny : Ting) = Tr1 {S11S12...S12, return e1;}: T{
F41,S41,Rs, Es =def Figa(P21:T21, P22 :T22,...; Pang :Tony) — Tra {S21522...824, return ez;}: TZI

Far,Sar, R, Bs - def Fiaj(Pj1: Tin, Pja i Tjageees Py i Ty ) = Trj {Sj1852.:852; return eji}:Tj
F41,541,Rs, Es b struct S;g1{A11 : T{ll, Ao : T{;, vy Almyg T{lml} : TJ/-+1
Fg41,5841,Rs, Es F struct S;qo{A21 :Téll, Ago : Té;,.”, A2m2 :T2l;—n,2} : TJ{+2

F41,5841,Rs, Es b struct S; g {Ak1 :Tléll, Apo :Tlélz,..., Akmy, :Tlé/mk} S: T]{+k}
Fa1,841;Rs, Es = S:t
0< 4,k
0<ni,n2,..n;
0< @y, x2,23,...,T,
0< mi,ma,...mg
S;q are unique F;q are unique
A;, P; are unique in the context of their definitions

Fq,84,Rs,Es -def Fig1(P11:Ti1, Pi2 :T12,...; Pingy : Ting) = Tr1 {S11S12...S12; return ei;}
def Figa(P21:T21, P22 :T22,...; Pangy i Tang) — Tr2 {S21522...822, return ez;}

(TS-G-1)

def Fiqj(Pj1:Tj1, Pj2:Tja,..., Pjnj Tjnj ) = Trj {SlejQ...SjIj return ej;}
struct S;g1{A11 : Tl,ll, Aqo: Tll'g, vy Almyg T{m1}
struct S;ga{A21 :T2”17 Agg :TZH27 , A2mg :Tz//m2}

7z 7 /"
struct Sjgp{Ak1 : Tr1r A2 Thos s Akmk ZTkmk} S:t

Figure 24: Global Definitions Typing Rules A
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List Literals

Fd,Sd,RS,ES [ €1 . t
Fd,Sd,RS,ES ~ €1 . t

Fd75d7RSJES}_€n:t
t#ref(id,t')
Fy,S4,Rs, EsF[e1,e2,...e5] : [t]

(TS-L-1)

FdasduRSaES - €1 :tl
Fda‘s’daRSaEs - €1 3t2

Fdan7R$7ES l_ en . tn
Vt € t1,ta, ..ty it £ ref(id,t)
Jt,t' € ty,ta, ..ty t A1V, is unsafe
Fd,Sd,Rs,Es |— [61,62,...€n] . [a]

(TS-L-1a)

Figure 25: List Literal Typing Rules
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List Accessing and Modifying

Fy,S4,Rs, Es ey : xref(id, t)
Fd?‘sd?RSaEs = €2 : t/
t' £ ref(id ")
t=aV(tis unsafe At = [t])
Fy,Sq,Rs, Es Fep << ea;:axvoid

(TS-L-0-1)

Fy,Sq,Rs, Es e : xref(id, o)

TS-L-2
Fy,S4,Rs, EsFel:a ( )

desdvRSaES l_ €: *T@f(id, [t])
t#£ref(id,t) t is unsafe
Fy,S4,Rs,Esl-el it

(TS-L-2a)

Fdan7RS7ES - €1: *TEf(id, [t])
Fy,S4,Rs, Es - e2 ¢
t#ref(id ") (t' =int At is safe) V
(' =intVt' = a) At is unsafe)

TS-L-3
( ) Fy,S4,Rs, Es b= eqea] : xref(id,t)
Fd7Sd7R87E8 |_ &61[62] : T@f(Zd,t)
Fy,84, Rs, Es &= ey = xref(id, t)
Fd7Sd7R57ES - € t/
t'=intvt =«
t=aV({t'=antissafent=[t"])
: (TS-L-3a)
Fy,S4,Rs, Es Feq]ea] : xref(id, )
Fy,54,Rs, Es - &eqlea] :ref(id, o)
Fda deR&ES l_ €1: *T@f(id, [t])
Fy, 54, R, Esteo:int
desd7R87E8 |_€3 it
(TS-L-4) t is safe t#ref(id 1)

Fi,S4,Rs, Es - e1]ea] = e3 : void x void

Figure 26: List Accessing and Modifying Typing Rules
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Fy, 84, Rs, Es &= e1 = xref(id, t)
Fd,Sd,RS,ES F €9 . t/
Fy, S5, R, EsFe3: "

t'=aVvt =int
t — O[vt — [t///]/\t// :t/// /\
tis safeAt' = oVt is unsafe
Fy,54,Rs, Es F e1[ea] = e3 : o x void

(TS-L-4a)

Fy,54,Rs, Es t=e1 = xref(id, [t])
Fd,Sd,RS,ES H e int
Fy,84,Rs, Es - eg :ref(id ,t)

t is safe
find(Rs,id) =R find(Rs,id) =R
R~ R
Fj,S4,Rs, Es F eq]ea] = es : void x void

(TS-L-5)

Fy,S4,Rs, Es & eq : xref(id,t)
Fd,Sd,RS,ES F €9 . t/
Fy,84,Rs, Es - eg :ref(id ")
find(Es,id)=E  find(Es,id)=FE'
' =aVint
t=aV(tis unsafe At = [t"])
Fy,S4,Rs, Es Fe1[ea] = e3: o x void

(TS-L-5a)

Figure 27: More List Accessing and Modifying Typing Rules
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Other List Operations

FdasdaR87E8 l_ €: *T@f(id, [t])
t is safe
Fd,Sd,RS,ES + #6 sint
Fy,Sq,Rs, Es et :int

(TS-L-6)

Fy,S4,Rs, Es e : xref(id,t)
t=aV(tis unsafe At = [t])
(TS-L-6a)
Fd75d7R87ES |_ #6 e
Fy,S4,Rs, Es F et :

Fy,54,Rs, Es ey @ xref(id, [t])
Fy,84,Rs, Es &= eo : ref(id' | [t])
Fy,Sq,Rs, EsFej+eo: [t]

(TS-L-7)

Fy,Sq, Rs, Es - ey« xref(id, 1)

Fy,S4, Rs, Es 1= €3 : ref(id 1)
(t:(l//\t/: [t//])\/<t: [t//]/\t/:a)\/t/:t”:a (TS L-7 )
FdJSd7RSJES|_el+€2:a o

Fy,S4, Rs, Es F ey - xref(id, [t])
Fd,Sd,RS,ES H €9 : int
Fd,Sd,RS,ES H €3 : int

t is safe

Fy,S4,Rs, Es 61[62 : 63] 0t

(TS-L-8)

Fy,5q¢, Rs, Es 1= eq : xref(id, [t])
Fd7Sd)RS7E5 = €2 t/
Fy. S, Rs, EsFes: "
(' =intVt' =a) ANt =int Vi’ = q)
t is unsafe
(TS-L-8a)
Fy,S4,Rs, Es - 61[62 : 63] 0t

Figure 28: Other List Operation Typing Rules
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Fy,S4,Rs, Es ey : xref(id, t)
Fy,S4,Rs,Es e t/
Fy. 54, Rs, EsFes: t’

' =intvt =a) A" =intVt" =)
t=aVvt=]t]
t=avt =avt'=a

TS-L-8b
( ) Fy,54,Rs, EsFeilea:eg]: o

Fd,Sd,RS,ES F er:t
Fy,5q¢, Rs, Es 1= o : xref(id, [t])
t is safe
Fy,S4,Rs, Es Fe1 in eg : bool

(TS-L-9)

Fy,S4,Rs,EstFeq:t
Fy,84,Rs, Es - o : xref(id, )
t=aVt=1nt
t'=avt =[t"]
t=aVvt'=aVv{l =["] At is unsafe)

TS-L-9
( a) Fy,Sq,Rs,EsFepines: a

id is a valid id
Fy,S4,Rs, Es e [t]
t is safe
E!. = newScope(Ey)
R, = declare(newScope(Rys),id,t)
Fy,Sq, R, EL =S void x t'
Fy,S4,Rs, Es F forid in e {S} :void x t

_ (TS-C-4)

id is a valid id
Fy,S4,Rs, EsFe: [t]

E! = declare(newScope(Ey),id,t)
R., = newScope(Ry)
Fd,Sd,R/S,E; FS ot xt!

t is unsafeVt' = a
Fy,S4,Rs, Es &= forid in e {S}:a xt”

(TS-C-4a)

Figure 29: More Other List Operations
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id is a valid id
Fd,Sd,RS,ES Fe:a
E! = declare(newScope(Ey),id, o)
R!, = newScope(Rs)
Fy, Sy, R ELES ot/ xt”
Fy,S4,Rs,EsF foridin e {S}: ax

7 (TS-C-4b)

Figure 30: More Other List Operations
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4 Dynamic Semantics

4.1 Foreword

While this thesis focuses mainly on a type system, it’s hard to talk about static
semantics without also describing the dynamic semantics. I define two sets of semantics
for this thesis: a Big-Step and a Small-Step operational semantics to rigorously describe
the language and rigorously prove that the type system works. Most papers only do one. I
chose big-step operational semantics because they rigorously describe the inner workings of
the language while still being relatively easy to read (at least compared to other semantic
approaches). Later, I describe a small-step operational semantics for a reduced set of the
language so I can rigorously prove soundness and safety. There are a few important things
to note. Firstly, I designed the semantics to handle programs that type-check, meaning
programs deduced from the type rules. Secondly, I don’t include errors in the Big-Step
Semantics. Recall the system has safe and unsafe sides, and errors are a part of the unsafe
side. Programs with errors in them cannot be derived. Errors are important for proofs but
are otherwise uninteresting, so I only include errors in the Small-Step Semantics. Similarly
to the typing rules, here is a list of the citations that influenced the semantic rules the

most: 3, 4, 5, 8,9, and 11.

4.2 Basics

Semantic rules are of the form: Fy, Sy, H, Hy, Rs, Es+ E L H'  H!, R. E. v, Ry,
meaning, in the context of function definitions Fy, structure definitions Sy, heap H, heap-
mapping H,,, region set R4, environment set E, the statement F, yields a new heap H', a
new heap mapping H,,, new region set R,, new environment set F’, a value v and return

R,. If a statement yields no value, v =  and if a statement yields no return R, =
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4.3 Evaluation Context

Fd : Fid — Fz‘d(Pl : TQ,PQ : Tg,...Pn : Tn) — T{Sng...Sm return 6;} (Fid is a
function name, Pi,Ps,...P, are parameters, T7,T5,.. T, are parameter types,
S5159...Sm, return e; are statements).

Sq:Sig—> Sig(Ar:Th, Ay To, ... Ay 2 T),) (S;q is the structure name, Ap, A, ... A, are
attribute names, T7,75,... T}, are attribute types.

H:l— v (lis alocation and v a some value)
Hp, a1 (1is a location and a is an address)
Rs:id+ a,l (1is a location and id is an identifier)

Es :id v a (id is an identifier and a is an address)

Figure 31: Evaluation Context

4.4 Addresses and Locations

Addresses and locations emulate memory addresses. I don’t provide a precise
definition because it’s not important; they are devices to describe mappings and nothing
more. However, I do precisely describe their use in the definitions and rules. Lastly, I use
both addresses and locations because they make expressing references easier. This is also

the purpose of the heap-mapping in the evaluation context.
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4.5 Types of Values

nil evaluates to: nil

Integers evaluate to: int{i}, where i is some integer

Booleans evaluate to: bool{b}, where b is some boolean

References evaluate to: *ref{id, a} and ref{id, a}

Lists: [a1,a2,...an,{l1,l2,...l;}]

Structures are of the form: S;q(Aj : a1, Az :ag,... Ay an,{l1,l2,...l;m}), A1, As,... Ay

are attribute names, ai,az, ...a, are addressed where a; € domain(H,,)

Figure 32: Evaluation Context
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4.6 Regions and Environments

Definition: closeScope closeScope(Rs, Es,H,H,,) = R, E.. H' H],
R. = R, without R € Ry, where R' = R, VR' € R;
E! = E, without F € Ey, where E' = E, VE' € E
H' =dealloc(H, Hy,(idy), Hp,(id3), ... Hy (idy,)) where idy,ids,...idy, € domain(R)

H| = H,,/id1/ids.../idy, /id} [ids.../id], where idy,ids,...idy, € domain(R) and
idy,idy, ...id,, € domain(E)

Definition: newScope

newScope(Rs) = R), where Rs' = Ry with some new Region R = () such that
R' = R,YR' € R;

newScope(Es) = E. where Es' = E; with some new Environment F = () such that
E' = ENE' € E

Definition: declare
declare(Rys,id,a,l) = R.,, Rs' = Rs where R|[(a,l)/id] for R = find(Rs,id)
declare(Ey,id,a) = E., Es' = Es where Ela/id] for E = find(Es,id)

Definition: find
find(Rs,id) = R, where R' = R, VR' € Ry such that R'(id) = (a,l) and R(id) = (a,l)
find(Es,id) = E, where E' = E, VE' € Eg such that E'(id) = a and R(id) = (a,l)

Figure 33: Region and Environment Evaluation Functions

34



4.7 Memory

Definition: alloc alloc(H,v) = H',l, where H' = H[v/l] and | ¢ domain(H)
Definition: realloc realloc(H,v) = H',l, where H(l) =v" and H' = H[v"/l]. The value
of v"" depends on v and v":

If v = nil,int{i} or v =bool{b}, then v" = v.

Ifv="Si(..{l, 12, ... n}) and v’ = Sj4(...{11,15,...I5,}), then v =
Sia( Al lo, .o, 10,15, U T

If v = List(...{l1,l2,...1,}) and v' = List(...{i},15,...1].}), then v" =
List(..{l1,l2,...1n, ll,lé,...lgl}).

Definition: dealloc dealloc(H,l) = H', if | ¢ domain(H), then H' = H. If H'(I) =v, H'
depends on the value of v :

If v =1int{i} or v =bool{b}, then H = H/I
If v =S;4(...{l1,12,...1n}), then H" = dealloc(H,l1,ls,...l,) and H' = H" /1.
If v = List(...{l1,l2,...1,}), then H" = dealloc(H,ly,l2,...l,) and H = H"/I.

Figure 34: Memory Evaluation Functions

4.8 Other

Definition: set(H,,a,l)=H), (H] = Hpll/a])

Definition: newAddr(Hy,,l)=H] .a (H), = Hpyll/a]) and a ¢ domain(H,,)

Figure 35: Other Evaluation Functions
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4.9 Abbreviations

alloc(H,v1,v9,...v,) = H'l1,l2,...1,,, where:
alloc(H,v1) = H1,l; (Hy = Hlvn/lL))
CLllOC(Hl,’Uz) ZHQ,ZQ (H2:H]_[Uz/l2])

alloc(Hp—1,vp) = H' l, (H' = H,_1[vn/1s])
dealloc(H,l1,l2,...l,) = H', where:
dealloc(H,ly) = Hy
dealloc(Hy,l2) = Ho

dealloc(Hp—1,l,) = H'

newAddr(Hp,l1,le,...l,) = H),,a1, a2, ...a,, where:
newAddr(Hp,l1) = Hp1,a1
newAddr(Hpm1,l2) = Hp2, a2

newAddr(Hpn—1,l,) = H),,an

declare(Rs,idy,a1,ly,id,az,l2, ...idy, an,l,) = Rs', where:
declare(Rs,idl,al,l1) = Ry
declare(Rg1,ida,az,l2) = Rs2

declare(Rgp—1,idyn, an,ln) = R,

declare(Es,idy,ay,ids,as,...idy,a,) = Es', where:
declare(Fs,idl,al,l1) = Eg
declare(FEs,ida,az,l2) = Eso

declare(Esp—1,idy,an,l,) = E"

S
Hp(Rs(id)) = Hp,(a) where Rg(id) = (a,l)
Figure 36: Abbreviations A
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4.10 Semantic Rules

Simple Expressions

type is int
(S-E-1) , —
H7 Hm7R57E57Fd7Sd |_ ? ‘U’ H7 H’N’L?RS?E&Znt{Z}?f
type is bool (S-E-2)
Fi, S H, Hyps Ry, Es - b I H, Hyp, Ry, Es, bool{b},
FdasdaHa HmaRSaES e U HlvH'//an&ES)bOOl{bl}ai
b = bool{—b
ool{~b1} (S-E-3)

FdanaHa Hm7R87ES l_'e U’ HlvH'//n?R&ES)bOOl{b})i

Fy,S.H Hy,,Rs, EsFep || H”,H#L,RS,ES,Z'nt{Z'l},i
Fd,Sd,HN,H#L,RS,ES Fesll H/,H;WRS,ES,Z'nt{Z'Q},_
op € {+v"*}
1=11 Op 19
Fy,S4,H,Hy, Rs,Est-e1 op ex |} H' H),Rs, Eg,int{i},

(S-E-4)

FdanaHv H’ITL?R&ES l_ 61 ‘U’ HI)HT/T“RSaESabOOZ{false}7_
Fy,S4,H,Hp, Rs, Es ey and ea | H',H! | R, Es,bool{ false},

(S-E-5)

Fy,Sq,H,Rs,Es ey 4 H' H)' . Rs, Es,bool{true},
Fd,Sd,H”,H;,'I,RS,ES Fes H/,H;n,Rs,Es,bool{b},i
Fy,S4,H,Hy, Rs, Est-e1 and ex |} H', H], Rs, Eg,bool{b},

(S-E-6)

Fy,S4,H,Hy, Rs, Est-e1 |} H  H),, Rs, Es,bool{true},
Fy,S4,H,Hp, Rs, Es ey or ex || H' H], Rs, Es,bool{true},

(S-E-7)

Fy,84,H,Hy, Rs, Est-e1 |} H' H! | Rs, Eg,bool{ false},
Fdasd7H/I7H7,;L7R87ES |_ €2 ‘U’ HlaH',/‘/L7RS7E57bOOl{b}7_

S-E-8
Fy,S4,H,Hy, Rs,Est-e1 or eo || H  H ., Ry, Es,bool{b}, ( )

Figure 37: Expression Evaluation Rules
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More Simple Expressions

Fd,Sd,H, Hm,RS,ES |— €1 U H//,H%,RS,ES,int{il},i
Fy,S4,H" H! Rs,Estes | H H), Rs, Es,int{is},
op € {<,>,==}
b=1i1 op 19

S-E-9
( ) Fy,S4,H,Hp, Rs,Est-e1 op es |} H',H/ | Rs, Es,bool{b},

Figure 38: More Expression Evaluation Rules
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Variable Declarations

type is void x void
Fy,Sa,H, Hy, Ry, Es e |} H' H" Ry, Es,v,
v#ref{id,a'}
alloc(H" ,v) = H',l
newAddr(H] 1) = H.,a
declare(Rys,id,a,l) = R,
Fy,Sq,H,Hp, R, Es-letid:t = e; V H H, R, Es, ,
Fy,Sg, H,Hyy, Ry, Es - let id = e; \ HH, R, Es, ,

(S-V-D-1)

type is a X void
Fy, 84, H, Hy, Ry, Es e L H' H" Ry, Es,v,

v#refl{id,a'}

alloc(H" ,v) = H'|I

newAddr(H 1) = H] . a
declare(FEs,id,a) = E
Fy,Sy,H,Hp, R, Es - letid:t = e; \ H H,Rs,E., |
Fy,S4,H,Hy, Rs,Est-let id = e; \ H' H)  Rs,E., |

(S-V-D-1a)

type is void x void
Fd7Sd7HaRS7ES l_ € ‘U’ H/aH'rl“r,wR&ESavai
v=ref{id a}
newAddr(H! ,H!! (a)) = H],,d’
declare(Rys,id,a’) = R,

. !/ !/ / (S_V_D_2)
Fg,Sq,H Hp,,Rs, Egtletid:t=e; V H H,,,R,,Es, ,
Fd,Sd,H, HmaR&ES |_ let Zd = 6; ‘U’ H/7H;)17R/37E87f7f
type is a X void
Fdasd7H7R87ES '_e”UHCRS;E&va
v=ref{id a}
newAddr(H,!, H) (a)) = H],,d’
declare(FEs,id,a’) = E.,
(S-V-D-2a)

Fy. S, H Hy,,Rs, EsFlet id:t=e; || H/,H;R,RS,E;,i,i
Fy,Sq,H,Hp, Rs, Es - let id=e; || H’,H,’n,RS,E;,i,i

Figure 39: Variable Declaration Evaluation Rules A
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Variable Assignment Evaluation

Fy,Sq,H Hp, Rs, Es el H' H! R, Eg,v,
v#ref{id,a}
find(R,id) = R
realloc(H"  H! (R(id)),v) = H'

S-V-A-1
( ) Fy,S4,H,Hp, Rs,Estid = e; 4 H H),,Rs,Es, ,

Fy,Sq,H,Hp, Rs, Es el H' H!  Rs Eg,v,
v#ref{id,a}
find(Es,id) = E
realloc(H" H] (E(id)),v) = H'

S-V-A-1
( a) Fa Sy H H Ry Es-id = e; V H,H Ry By, ,
Fd75d7H7Hm7RSaES '_ € ‘U’ HlaH'rlrluR&E&va
v=ref{id a}
find(Rs,id) = R

Fy,S4,H,Hy, Rs, Es-id=e;|) H H,Rs,Es, ,

Fy.Sq.H, R, EsF el H . H" Ry, Es.v,
v=ref{id a}
find(Es,id) = E
set(H!" E(id),H (a)) = H],

: ) (T-V-A-2a)
Fy,S4H Ry, EsFid=e;ll H H Ry Es ,

Figure 40: Variable Assignment Evaluation Rules
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Variable Reference Evaluation

find(Ry,id) =R v= H(Hp(R(id)))

S-V-R-1
( ) Fy,S4,H,Hy,,Rs, Es - id |} H,Hp,, Rs, B, xref{id,v},

find(Ey,id)=E  v=H(Hn(E(id)))

S-V-R-1
qusdaHa HmaRS)ES |_ Zd‘U’ H7H77’L7R57E87*T6f{2.d7v}7_ ( a)
S-V-R-3
FdasdaHa Hm7RS>ES - *ref{id,v} ‘U’ Ha HTnaR&ESa'Uaf ( )
find(Rs,1d) = R R(id) =a | (S-V-R-4)
Fd7Sd7Ha H’ITL7R57ES |_ &Zd‘U’ H7 HmaRSaE87Tef{Zd7a}a_
nd(Eg,id) = F E(id) =
find(Eyid) (id) =a (S-V-R-4a)

Fy,S4,H,Hp,,Rs, Es - &id |} H,Hp,, Rs, Es,ref{id,a},
Figure 41: Variable Reference Evaluation Rules

Sequential Statements
Fd75d7H7 Hm:-RSaES '_ Sl ‘U’ Hl/aH'r/;pRgaEga_7_
FdanaH”7H7/7/17Rg7E;/ l_ SQ U’ H/7H7/naR{9aEg7f7RU
Fd,Sd,H, Hm7R87ES - 3152 ‘U’ H/;H;ng,Egy_aRv

(S-S-1)

Fd75d7HJHM7R87E8 l_ Sl ‘U’ HlaH;n7Rls7E,;7f7R’U

Ry #
(S_S_2)FSHREFS; "H, R.E
d)Pdy L1y gy, Lug 1 2‘U’H7Hm7Rst37f7R’U

Figure 42: Sequential Statement Evaluation Rules
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Control Flow

Fy,S4,H,Hp, Rs, Es =0 H" H"' R, Es,bool{true},
newScope(Rs) = R newScope(Es) = EY
Fp.Sq, H" H" R" E"F Sy | H" H" R, E' bool{true}, R,

(S-C-1a) closeScope(R.,E., H" Hm") = H' H! R, Es

Fd7Sd7H7Hm7R87ES l_'lf b {Sl} {SQ} UHCH;nyRS;ESuf’RU

Fy,S4,H,Hy, Rs, Es =0 H” H!' R, Es, bool{ false},
newScope(Rs) = R newScope(Es) = EY
Fy,Sq, H" H!" R! E'+ Sy \ H' H!! R. E. bool{true}, R,
closeScope(R., E., H" Hm") = H' H!,, Ry, Es

S-C-1b
( ) Fd7sd7H7Hm>R57ES l_ Zf b {Sl} {SQ} l} H/7H;n7R57ESJf7Rv
Fy,S4,H,Hp, Rs,Es =0\ H'  H! R, Es, bool{ false},

S-C-2
( a) desdaHyHmaRSaES l_ thle b {S} ‘U’ H/7Hrln7R87ESaiai

Fy,Sq,H,Hp, R, Es =01 H" H!" Rg, Eg,bool{true},
newScope(Rs) = Rl newScope(Es) = EY
Fy,Sq, H" H!" R E'+S | H" H R, E.
closeScope(R., EL, H" . Hm") = H" H!! R, E;s
Fy,S4,H" H! Rs,Estwhile b {S} | H  H,Rs,Es, , R,

S-C-2b
( ) Fy,84,H,Rs, Es - while b {S} | H' H! | Rs,Es, ,R,

Fy,Sq,H,Hp, R, Es =0 H" H"' R, Es,bool{true},
newScope(Rg) = Rl newScope(Es) = EY
Fg, S, H" H! R! E!+-S| H' H' R.E. R,
closeScope(R.,E., H" Hm") = H' H! R, E
Fy,S4,H,Hy, Rs, Es = while b {S} |} H H],,R.,E., R,

(S-C-2¢)

Figure 43: Control Flow Evaluation Rules
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Return

Fd75d7H>Hm7RSaEs (o €U HlaH'rgwRSvES;/va

S-R-1
( ) Fy.S.,H, Hy,, Rg, Es - return e; | H',H;n,Rs,Es,i,v

Figure 44: Return Evaluation Rule

Function Calls

type of : eq1,€42,... €gp 1S NOt v
type of : €c1,€c2,... €¢g 1S
Fd(Fi ) = Fid(Pl : Tl,Pg :TQ,...,Pn : Tn) — Rt{Slsg Sj return 6;}
Fyg,84,H, Hp,, R, Es = eq1 4 Hy, Hyp, Rg, B v1,
Fq,8q¢, H1, Hpm1, Rs, Es = eq2 b Ha, Hina, R, Es,v2,

Fd7SdaHb—lvab—laR87E5 H €ab U Hb7HmbaR57E87vbai
Fd75d7Hb7HmbyR87ES H €cl ‘U Hb+1,Hmb+1,Rs,E5,Ub+1,7
Fy,Sa, Hyy 1, Hnpy1, Rs, Es = eca U Hyro, Hinpr2, Rs, s, vp12,

Fa,Sa; Hn—1, Hpn—1, Rs, Es = ecg b Hypy Hipn, R, Es,vp,
alloc(Hy,v1,v2, .05, by 1, Up+2, vn) = H” 11,19, .. Uy, o1, lpg2, . In
new Addr (Hypn, 11,12, .Uy, by 1, by 2 - In) = Hih a1,a2, ... QGp,Qpy1;0p12,--- Gn
R—0 B =0
declare(R's,Pl,al,ll,Pg,ag,lg,...Pb,ab,lb) = Rg
declare(EL, Pyy1,ap41, Pyr2,api2, ... Pp,an,lp) = EY
Fy,S4,Hp, Hypn, RYEY =515, ... S; return e;l) H" H'" R! E” R,

(S-F-1) closeScope(RY, BY, H", Hy) = Ry, By, H', Hy,

Fd,Sd,H, Hm7R57Es l_ Ed(ea176a27"‘ eabaereCQa ecd) ‘U’ HI7H;n7RSJE87RU7f

Figure 45: Function Call Evaluation Rules
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Structure Literal

Sa(Sia) = Sia(Sia) = Sia(A1: Th, Ag Ty, ..., Ap:Ty)
Fd7Sd7HaHm7RS7ESl_el‘U’HhHmlaRS?ES?Ul?i
Fd75d7H17Hm17R87E5|_62UH27Hm27Rs;E57U27i

Fg, 54, Hp—1, Hyn—1,Rs, Es = en L Hyy Hyppy R, B, vp,
alloc(Hyp,v1,v2,..05) = H' 11,1, ... I,
newAddr(Hpn,l1,lo, ... 1,) = H a1,a2, ... a,
Fd75d7H7 H’ITHRS)ES = Sid{Al = €1, AQ =€2,..., An : en} U
H/7H1/717R87E5a5id(A1 . a].;AZ . GZ,---An : a“’l’L?{l].?lQ?"' ln})>7

(TS-S-L-1)

Figure 46: Structure Literal Evaluation Rule

Structure Assignment

Fy,Sq,H Hy,,Rs, EsFe1 |
H" H!" Rg Es, Siq(A1:a1,As: ag,... Ay an,{l1,l2,..1,})
d=A; € A1, As,... A,
FdasdaH”/)H',/';pR87E8 Fea H//,H;,L,RS,ES,U,i
realloc(H"  H,(a;),v) = H'
Fy,Sq,H,Hp,,Rs, Es-er.id=ea || H/,H;TL,RS,ES,i,i

p—

(T-S-A-1)

Fd,Sd,H, Hm,RS,ES H €1 U
HII,HT/;{,RS,ES,Sid(Al . al,Ag . ag, An . an,{ll,lg, ln}>7i
id=A; EAl,AQ,...An
Fy, Sy, H" H! Rs Estes || H H Ry, Eg,ref{id ,a},
set(H)! ,a;,H (a))) = H.,

: — (T-S-A-2)
Fd,Sd,H,Hm,RS,ES F 61.Zd: €9 U H ,Hm,RS,ES,i,i

Figure 47: Structure Assignment Evaluation Rules A
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Structure References

FdanaHaHm,Rs,ESI—GU,
Hl,H’rlnaRS7E87*T€f{id/,Sid(Al : a1,A2 L ag, An : an,{ll,lg, ln})},i
(T-S-R-l) Zd:Az €A17A2,...An U:*T?f{lldl,H<Hm(aZ))}
FdanaHa Hm,RS,ES I_ C.ZdU, H ’Hm’RS’ES’in

qu‘s’da-HaHmaR&ES'_e‘U’
H' H. Rs, Es,xref{id Sig(A1 a1, Az : ag,..Ap : an, {l1,l2,...1n})},
id=A; GAl,AQ,...An
. / !/ - gl (T'S'R'z)
Fd,Sd,H, H’ITLaRSaES '_ &e-ldi} H 7Hm7R87E5ar€f{2d 7a'i}77

Figure 48: Structure Reference Evaluation Rules A

Global Definitions

y Ping i Ting) = Tr1{S11812...S1a2, return ei;}

Vi = Fiq1(P11: T11, Pia: Tig, ...
, Pong t Tony) — Tra{S21S22...82z, return ez;}

Vy = Fig2(P21: Ta1, Paz: Taa,...

2Ty )_’Trj{sjlst-“szj return ej;}

vj/ = Fiqj(Pj1: Tj1, Pj2: Tja, -, Pjn; n;
Vi1 =Sia1(A11 10}, Ar2:Tio, 0 Al ;T{’ml)
Vj/+2 = Sjq2(A21 :Tzlll, Ago T2”2, ey A2mg Télmz)
Vg = Sian(Ag1: TRty Agz  Tias o Akmy 1T1;'mk)
Fgy = FalV{ /Fa1]lVa [Fiaa) s [V} /Figs]
Sar = 8alVjy1 /SiaallVipa /Siaz] - (Vi1 /Sia]
y Ping : Ting) — Tr1 {S11512...812, return e1;}:

Fq1,841,H, Hm,Rs, Es & def Fig1(P11:T11, Pi2:Tig,...
H' H}, ,Rs,Es, V|, _

Fa1,S41,H, Hm, Rs, Es & def Figa(P21 : T21, P22 :T22,..., Pangy 1 Tony) = Tra2 {S21522...524, return ez;}:
H' H, Rs,Bs, V3,

Fg1,8q1,H,Hm ,Rs, Es & def Fiq;(Pj1:Tj1, Pja:Tja,..., Pjn]- :Tjnj)*}TTj {Sjlsjzuijj return ej;}:
H',H| ,Rs,Es,V],
/7
Fg1,541,H, Him, Rs, Es F struct S;q1{A11:T1;, A12:T15,...
— /
H 7Hm;Rs;E5ijﬁ177 . .
Fa1,841,H,Hm, Rs, Es &= struct Sjga{A21 : Ty, A22 : Thg,..., Aam, :T2m2} :

H',Hy, Rs, Es,Vj o,

17
» Almy Tl'rnl} :

Fa1,Sa1: H, Him, Rs, Bs & struct Siar{Ar1: Tpys Agz : Tiasoos Ay, ;T,;’mk} S:
H' H,, Rs, Es,Vj },
Fai,Sa1,H,Hm,Rs,Es & SYH' Hy, R, E,, Ry
0<34,k
0<ni,n2,...n;
0< xy,z2,23,...,T;
0<mi,ma,..mg
S;q are unique F;4 are unique

A;, P; are unique in the context of their definitions

( ) Fy,84,H,Hm, Rs, Es -def Figy(P11:T11, Pi2:Ti2,..., Ping : Ting) = Tr1 {S11512...512; return e1;}
def Fiqa(P21:T21, Po2:T22,..., Pangy : Tany) — Tra {S21522...82z, return ez;}

def Fiqj(Pj1:Tj1, Pj2:Tja,..., Pjnj Tjnj ) = Trj {sjlsjz.usjwj return ej;}
struct S;g1{A11 :Tlul, A1z :T{IQ,.”, Atmq :T{'Tnl}
struct S;go{A21 :Té’l, Aso :TQHQ, ooy A2mog :Télmz}

struct Siap{ A1 i Tp1s Apz i Thos oo Akmy, :T,g’mk} Sy H' H,, ,R,,E.,, R,

Figure 49: Global Definitions Evaluation Rules A
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List Literals

desdyHaHm>R57ES - €1 ‘U’ H17Hm17R87E87/0177
FdasdehHmlaRS?ES = €2 ‘U’ HQaHm27R87E87U277

Fd7Sd7Hn—1aHmn—1;RsaEs Fen U Hn;HmmRs;Es;Umf
Yv € v1,v2,..0, 1 v £ ref(id,a)
alloc(Hy,v1,v0,..0p) = H' | l1,1s, .1,
newAddr(Hyp, 11,12, ...1n) = H., a1,a2, ...ap
Fd,Sd,H, Hm,RS,ES F [61,62, ...en] U
H/,H;n,RS,ES,LZ‘St(al,(IQ,...an,{ll,b,...ln}),i

(TS-L-1)

Figure 50: List Literal Evaluation Rule
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List Operations

Fy,Sq,H,Hp, Rs, Es ey | H" H"' R, Es, xref{id,lst},

Ist = List(ay, a9, ... an,{l1,l2,...ln}) n>0
Fy,Sq, H" H! Rs,Estes | H” H Rs, Es,va,  vo # ref{id ,a’}
H" I = alloc(H" ,v9) H!. ani1 = newAddr(H] 1)

H' =realloc(H", H, (E(id)), List(a1,as, ... an,ani1,{l1,1l2,...ln,1}))

TS-L-0O-1
( ) desd7H7Hm7RS7E8|_€1 << e?;‘U’H/’H;nuRS?E&faf

H7 HvaSaE&deSd l_ € ‘U’ Hl/vH'fl77,7RS7ES?*ref{idvlSt}ai
Ist = List(ay,az, ... an,{l1,l2,...1n}) n>1 v=H"(H (a))

(TS-L-O-2) Up = LiSt(CLl, ag, ... An—1, {117127 lnfl}) Hl = 'reallOC(H//, H;n(a), UT)

Fd78d7H>Hm7RS7ES el ‘U HlqulnaR&ESa?%f

Fy,S4,H Hy,Rs, Es-e1 | H”,HTZZ,RS,ES,*T’ef{id,lst},i
st = List(ay, a2, ... an,{l1,l2,...ln}) n>1
Fd,Sd,H”,H,/?/I,RS,ES [ €9 U HI,H;n,RS,ES,Z'TLt{Z'},i
v=H'(H (a;)) n>i
Fy,S4,Rs, Es-eiles) U H' H! | R, Es, xref{id,v},
Fy,84,Rs, Es - &erlea] |} H' ) H], Rs, Es,ref{id,a},

(TS-L-3)

Fy, 80, H, Hy, Ry, Es e I H" H" Ry, By, sref{id, lst},
lst:List(al,ag,... an,{ll,lg,...ln}) n>1
Fy,Sa, H" H" Ry, Est e W H" H" Ry, E,,int{i},
Fy, S0, H" H" Ry, Este3 V H' H' Ry Esv,

v # ref{id ,a'} n>i H' =realloc(H" , H], (a;),v)

TS-L-4
( ) FdasdaRSaEsl_el[GQ]:63;‘U’H/7H7/717R87E8a_7_

Fy,Sq,H,Hp, Rs,Est-e1 |} H” H!" Rg, Es, xref{id,lst},
st = List(ay, a9, ... an,{l1,l2,...[n}) n>1
Fd,Sd,HW,H%/,RS,ES Feo |} H”,HZ{,RS,ES,Z'nt{i},i
Fd,Sd,HH,H#L/,RS,ES F €3 U HI,HZL,RS,ES,*Tef{Z'd/,a/},i
n>i H), = set(H  a,H/ (a'))
Fd,Sd,RS,ES H 61[62] = eg;U, H/7H1/71,R5,Es,7,7

(TS-L-4a)

FdasdaHa HmaRSaES I_ €1 ‘U’ H//aHf:;pRSaE&*ref{id)lSt}vi
st = List(ay, a2, ... an,{l1,l2,...Ln}) n>0
FdasdaH”aH;vlq,aRs;Es Feg ) H/>H;naRSaE&*ref{id/alStl}ai
Ist' = List(a},ab,... a, {1,050l m>0
v = List(ay,a,...an,ay,ay,...al {l1,lo,.. .1y, 11,1, .00 })
Fd7sd7RS7Es l_ €1 +62 ‘U’ HlaH;rmRSyESa’U?f

(TS-L-5)

Figure 51: List Operation Evaluation Rules
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List Operations

Fy,S4,H,Hp, Rs, Es ey | H” H!' R, Es,xref{id, lst},
st = List(ay, a2, ... an,{l1,l2,...1n}) n>1
Fd,Sd,HW,H%,RS,ES H €2 l} H”,H;;L,RS,ES,Z‘TLt{Z'l},i
Fd,Sd,H”,H#L,RS,ES Fesl H/,H&,Rs,Es,int{ig},i
11 <12<n
V= List(ail,aiHQ, .. a9, {lilalil—i—Z; ...lig})

TS-L-6
( ) Fd7Sd7RS7ES|_€1[€2:63]“uHI7H;n7RS7ES7U7f

Fd7Sd7H7 HmaR87Es - €1 ‘U’ H”7H7/7I7,7R87E87vaf
Fd,Sd,H, Hm7R87E8 - €2 ‘u H/7H;n,R5,E5, T@f{id,lé’t},i
st = List(ay, a2, ... an,{l1,l2,...ln}) n>1
Ja; € a1, as, ... an : H'(H,, (a;)) =v
Fy,S84,Rs,Est-e1in e | H' H) | R, Es,bool{true},

(TS-L-7a)

Fy,Sq,H Hy, R, Es-e1 | H”,H&,RS,ES,U,i
Fy,S4,H,Hy, Rs, Est-eo |} H H]., Rs, Eg, ref{id, [st},
st = List(ay, a2, ... an,{l1,l2,...[n}) n>0
Aa; € a1, as,... ap: H'(H)],(a;)) =v

TS-L-7b
( ) Fy,Sq,Rs,Este1 in ex || H'  H] | Rs, Es,bool{ false},

Fd,Sd,H, HvaSaEs - €1 ‘u H/7H;n,R5,E5, T@f{id,lé’t},i
st = List(ay,a,...an,{l1,l2,...1,}) n=>0

TS-L-8
( ) Fy,84,Rs, Es - for id in e {S} | H  H,,Rs,Es, ,

type is a x t
Fy,Sq,H,Hp, Rs, Es ey |V H" JH'' Ry, Es, ref{id’,lst},
st = List(ay,a,...an,{l1,12,...1,}) n >0
R, = newScope(Rs) E! = newScope(Es) E! = declare(id,ay)
H" H" R, E" Fy8;+ Sy H" H" R.E' R,
closeScope(R.,EY H" H/)= Rs,Es,H' H]

TS-L-9
( a) Fy, 80, H, Hy, Ry, Es - for id in e {S} V H,H., Ry, Es, Ry

type is o X ¢
Fy,Sq,H Hp, R, Es ey | H"  H!"' R, Es, ref{id,lst},
st = List(ay,a,...an,{l1,l2,...1,}) n>0
Rl = newScope(Ry) E! = newScope(Ey) E! = declare(id,ay)
H" H" R.E! Fy,S;+-SyH" H" R.LE! |
closeScope(R., EY H" H!) = Rs,E;,H" H!"

(TS-L-9b) H" Hyy, Ry, Es, Fa, Sa & for id in e[l :n] {S} Y H', H},,, Rs, Bs, Ry

H,Hpy, Ry, Es, Fy,Sqt foridin e {S} | H H ,Rs,Es, | R,

Figure 52: More List Operation Evaluation Rules
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List Operations

type is void x t
Fd,Sd,H, Hm,RS,ES |— €1 ll H///,H%,RS,ES, Tef{id',lst},i
st = List(ay, a2, ...an,{l1,l2,...01,}) n>0
R!, = newScope(Ry) E! = newScope(Es) R! = declare(id,a,11)
Fy.Sq,H" H)) R} E,+ S| H' H) R, E., R,

(TS-L-9c) closeScope(RY, B, H", Hy) = Ry, By, H', Hy,

H,Hp,, Ry, Es, Fy,Sqt foridin e {S} \ H',H, ,Rs,Es, | R,

type is o X ¢
Fy,Sq,H,Hp, Rs,Est-e1 |} H" H!" Rg, Es, ref{id ,lst},
st = List(ay,a,...an,{l1,12,...1,}) n >0
R, = newScope(Rs) E! = newScope(Es) R! = declare(id,ay, 1)
H””,H%/,RZ,E’Q,Fd,Sd FS U H’”,H%,R;’,Eg,i,i
closeScope(RY B H" H)= Rs,Es, H" H
Fy,Sq,H" H!! Rs,Est foridin e[l:n] {S} | H' H],,Rs,Es, Ry
Fy,Sq,H,Hp, Rs, Es = for id in e {S} | H' H],Rs, Es, | R,

(TS-L-6a)

Figure 53: Even More List Operation Evaluation Rules
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5 Reference System

I provide an overview of lifetimes and regions through the reference system. I
also show the reference system because, while it is simple, it voids restrictions imposed by

traditional Region-Based Memory Systems.

1 |struct someStruct {someAtt:int}

3 |1let someVariable = 10;
4 |let str = someStruct{someAtt=someVariablel};
5 |let 1st = [1, 2, 3, 4, 5, 6, 7, 8, 9, someVariablel];

7 |# someVariable == str.somedtt == 1st[10] == 10
8

o |someVariable = 11;

10

n |# str.somedtt == 1st[10] == 10

Figure 54: Reference Example 1

In Figure [54] value references work like in most other languages. When someVari-
able was referenced, the Heap made a copy independent from the instance stored for
someVariable. This isn’t out of the ordinary. These types of references, while useful are

limited. So, there is another type of reference, address references.
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1 |struct someStruct {someAtt:int}

3 |1let someVariable = 10;
4 |let str = someStruct{someAtt=someVariablel};
5 |str.someAtt = &someVariable;

¢ |let 1st = [1, 2, 3, 4, 5, 6, 7, 8, 9, someVariable];
7 |1st [10] = &someVariable;

o |# someVariable == str.somedtt == 1st[10] == 10
10

11 |someVariable = 11;

12

13 |# someVariable == str.somedtt == 1st[10] == 11

Figure 55: Reference Example 2

Figure [55| uses address references. Since str.someAtt, lst[10] addresses both map
to the same location on the heap as someVariable, when someVariable changes, str.someAtt
and 1st[10] also change. Address references are simple but robust. Memory is allocated
to the heap automatically; manual allocation isn’t necessary. Also, there isn’t a special
type annotation or variable to hold addresses like in C. Since there is no special syntax for
storing addresses, there is no need for a special syntax for dereferencing. However, there
is a special syntax for passing an address reference to distinguish them from value-style
references.

Despite the simplicity, this reference system isn’t lacking in ability. You can
create and assign references to variables, list indices, function parameters, and structure
attributes. See Figure[56] The language emulates pointer arithmetic using lists. Addresses
are added and removed from lists using primitive operators, and list indices are mutable,

referencable, and accessible. Lastly, lists are nestable and can hold references.
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1 |def someFunction(i:int) -> int {returnm 1 + i;}
2 |struct someStruct {someAtt:int}

1 |let someVariable = 10;
5 |let str = someStruct{someAtt=someVariable};
¢ |let 1st = [1, 2, 3, 4, 5, 6, 7, 8, 9, someVariable];

s |str.someAtt = &lst[10];

o |someVariable = &str.someAtt;
10
11 |1st[10] = someFunction(&lst[10]) ;
12 |# lst[10] == 11

13
1u |let unsafeVariable: alpha = [1, true, 2, false];
15
16 |unsafeVariable!;

17 |# unsafeVariable == [1, true, 2]
18 |unsafeVariable!;

1w |# unsafelVariable == [1, true]l

20

21 |lunsafeVariable << someStruct{someAtt = 67};

2 |# unsafeVartable == [1, true, someStruct{someAtt=6}]

Figure 56: Reference Example 3
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The type system guarantees that the safe side of the language cannot have
memory errors. Thus, the type system ensures that only safe reference assignments are
valid. It does this through lifetimes. For the safe side of the language, lifetimes depend
mostly on variables. The lifetime of a variable spans from the time it’s created to when
it’s destroyed. Regions track the lifetimes of variables in the safe side of the language
and govern their use. Each program has a set of Regions. You can add new mappings to
Regions, but when a Region is closed, it deallocates every mapping. Regions are closed
automatically and only when it’s safe, mainly by using lifetimes. Generally speaking, if
something exists in some region R, it can only access and be bound to things of the same

type that outlive it. The type rules ensure that programs that satisfy this type check.

find(Rs,id) = RAR(id) = t V
Find(E,,id) = E A B(id) =t
Fy,S54,Rs, Es Fid - xref(id,t)
Fy,S4,Rs, Es F &id : ref(id,t)

Fy,Sq,Rs, Es Fref{id,a} :ref(id,t) Fg,S4,Rs,Estid :xref(id,t) : t

(TS-R-1)

(TS-R-2)

Figure 57: Simple Variable Typing Rules With Scope

Figure [57 gives the typing judgements for both kinds of references. The first type
of reference is for value style references. If id is valid, it will first evaluated to *ref(id, t),
by (TS-R-2) it can be reduced to t using the subtyping rules. I use an intermediate form
because it is helpful to know the variable being referenced and not just the type, especially
when accessing lists and structures. Recall, Regions manage lifetimes of variables, so it’s
important to know which variable is being referenced and not just its type.

The other type of references are address style references. In Figure 5, &id
evaluates to ref{id, a}, an intermediate form in the semantics, for the same purpose as
the other style of reference in the type system. The type of &id and ref{id, a} is ref(id,
t). Both types of reference encode the type of the variable and the lifetime by including

id. When and where these are allowed to be assigned depends on the assigner, not the
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assignee; to see the criteria, see the rules for assignment.

The only safety check reference rules perform is to ensure that the id is in
scope. The reference typing rules ensure that the variable exists in a valid Region or an
Environment. I only list the typing rules for references to safe variables, but I list all the

rules in the type system.

find(Rs,id) = R v=H(Hpn(R(id)))

S-V-R-1
( ) FdanaHv HmaRS7E5 l_ Zd‘U’ H7Hm7R87E57*r€f{id’U}7f

S-V-R-3
Fd7Sd7H7 HWL7R87ES l_ *Tef{id,’l}} ‘U H7 HTTMRS’E&UJf ( )

find(Rs,id)=R  R(id)=a
Fy,S4,H,Hp,,Rs, Es - &id |} H,Hp,,Rs, Es,ref{id,a},

(S-V-R-4)

Figure 58: Reference Typing Rules

Figure |58 presents the semantic rules for both kinds of safe references. Since the
type system ensures that variables will exist in a Region and on the Heap, the premise of
the first rule is just to find the value; it isn’t a check, whereas, for the unsafe side of the
semantics, the value or address might not exist, thus, it also serves as a check.

Lastly, the purpose of the Heap Map is to provide a layer of indirection between
the Heap, Regions, and Environments. Recall Regions and Environments map identifiers
to addresses, and Heap Maps map addresses to locations. Thus, you can change what an
identifiers map to on the heap without changing Regions or Environments. This is useful

for references of both kinds.
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6 Soundness

6.1 Foreword

Soundness is arguably the most important proof for type systems. In essence,
soundness proves a type system works. Soundness states that if a type system yields type
T, for some program P, P is either a primitive value, or P evaluates to P’, and the type
system yields type T for P’. In short, it shows showing the type is static throughout the
execution of a program, thus ensuring that the type system works and the guarantees hold.

Traditionally, a soundness argument has two parts: progress and preservation.
Progress states that in the empty typing context, every statement is primitive or reduces to
something. Preservation states that if, in some typing context, a statement is a certain type
and it reduces, the reduced version will be the same type. I prove progress and preservation
for the safe side and the unsafe side. Furthermore, I split the inductive assumption into two
parts: the assumption for expressions typed t and statements typed 717 x Ts. Technically,
it is one inductive assumption, but splitting it into two parts highlights what I'm trying
to prove.

I also present a reduced, more complete system so that soundness is easier to
prove. Most papers do this. It follows the same core idea of extending gradual types
to regions, so I conjecture the first system gives the same guarantee of memory safety.
Also, in a very hand-wavey way, ['ve spent a lot of time working with the former system,
and I'm confident in its capabilities. Moreover, if you incorporate the type system in a
compiler, the first type system presents the idea in a much more useful way; this system
makes rigorous proofs easier. The semantics are also different. Before, I used intuitive and
readable "Big-Step Semantics" to rigorously describe the language. However, for certain
induction proofs, Big-Step semantics don’t work well. So, I use what is called "Small-Step
Semantics". In Small-Step Semantics, you have to specify rules as simple reductions. A

Small Step Semantics system reduces statements one step at a time, making them harder
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to write and read. However, certain induction proofs are now easier.
Lastly, this is far and away the most popular approach to proving soundness.
The proof is my own, but broadly speaking, the structure and approach to semantics are

not. These references influenced these proofs: 3, 4, 5, 6, 7, 8 and 9.

Typing Context
R:id—t (id is an identifier and t is a type)
E :idw—t (id is an identifier and t is a type)
Evaluation Context
V iid 1 (id is an identifier and 1 is a location)

H:l— v (lis alocation and v is a value)

Figure 59: Evaluation and Typing Contexts

Types
Integers: int
Boolean: bool
Unsafe, Dynamic Type: «
Value Style References: *ref(id, t)
Address Style References: ref(id, t)

Structure Types: S;q(A1 : T1,As : To,...Ay : T,) (S;q is the structure name,
A1, Ag, ... A, are attribute names, 17,75, ...T,, are attribute types).

Function Type: Fjq(Py: T, Py :Ts,...P,:T,) — T (Fjq is a function name, Py, Py, ... P,
are parameters, T1,T»,...T,, are parameter types T is the return type).

Safe Statement: void x t (t is a valid type capturing the return)

Unsafe Statement: « x ¢ (t is a valid type capturing the return)

Figure 60: Types of Types
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Definition A type t is safe if:
t = int or bool
t = xref(id,t') or t = ref(id,t') and ¢’ is safe
Sq(t) = Siq(ay : t1,a9 : ta,...ap : ty) and t; is safe Vt € ty,ta,...t,
t = wvoid x T and T is safe
Definition A type t is unsafe if:
t =«
t = xref(id,t") or t = ref(id,t') and ¢’ is unsafe
Sq(t) = Siglay : t1,a9 : ta,...an : ty) and 3t; € t1,t2,...t, such that ¢; is unsafe
t=axT

Definition: Subtyping: t1 <: t2, t1 is a subtype of t2
Definition: alloc alloc(H,V,id,v) = H',V', where H'(V'(id)) = v
alloc(H,v) = H',l, where H' = H[v/l] and | ¢ domain(H)

Definition: realloc realloc(H,v) = H',l, where H(l) =v" and H' = H[v"/l]. The value
of v"" depends on v and v':

If v =int{i} or v ="bool{b}, then v"" = wv.

If v=2S8;4(..{l1,l2,..ln}) and v = S;q(..{1},15,...1,}), then v" =
i1, Iy o dogs U Uy o)

Definition: clear(H, V, id, 1) clear(H,V,id,l) = H',V' V' = V/id, if | ¢ domain(H),
then H' = H. If H'(l) = v, H' depends on the value of v :

If v =1int{i} or v =bool{b}, then H = H/I
If v=2S;4(...{l1,12,...ln}), then H" = dealloc(H,l1,ls,...l,) and H = H" /.

Definition: dealloc dealloc(H,l) = H', if | ¢ domain(H), then H' = H. If H' () =v, H’
depends on the value of v :

If v =int{i} or v="bool{b}, then H = H/I
If v=3S8;4(..{l1,12,...ln}), then H" = dealloc(H,l1,ls,...l,) and H = H"/I.

Figure 61: Definitions
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Other Definitions
Define Substitution: S[A+— B] = S’ where every instance of A is replaced with B in
statement S.

Variables: S[id — v] =5’

Structures: S[S;4{A1 = E1, A = E»,..., A, = E,} — StructLiteral{S;;{A1 =
El, A2 = EQ?“" ATL = En}}]

Functions: S|[Fjq1(ay,az,...an) — FunctionLiteral{(let Py : Ty = ay;let Py : Ty =
ay ... let Py : T, =an;S159...Sy, return e;)}]

Definition Well-Foundedness: R, Et+ H,V if Yid € domain(R) if:
R(id) =t and t € {int,bool}, and H(V (id)) =v and R,EFv:t

R(id) =t = S;jq(ay : t1,a2 : ta,...ap : t,), and H(V(id)) =v, R,EFv: Sig(ay : t1,az2:
to,...ap : tn), H(V(Zd)) =0 = Sid(al ct1 =1l1,a0 ity =lo,...an : t, = ln,...), R, EF
H(ZZ) ity Vi € {ll,lg,...ln} and t; € {tl,tg,...tn}

Definition Empty-Context: If R, Ete:t, and R and E = (), then Fe: ¢

Figure 62: More Definitions
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Abbreviations
alloc(H,v1,ve,...v5) = H' ly,l2,...l,, where:
alloc(H,v1) = Hy,l; (Hy = Hlv1/l1))
alloc(Hy,v9) = Ho,lo  (Ho = Hlvy/ls))

alloc(Hyp—1,vn) = H',l, (H' = H[v,/1,)])
dealloc(H,ly,lo,...1,) = H', where:

dealloc(H,ly) = Hy
dealloc(Hy,l2) = Ho

dealloc(Hp—1,l,) = H'
clear(H,V,idy, b, ids, 2, ...idn, 1n) = H', V', where:

clear(H,V,idy,ly) = H1,V1
clear(Hy,V1,idga,lo) = Ha, Vo

clear(Hp—1,Vi—1,idp,l,) = H' )V’
Figure 63: Abbreviations B
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6.2 Type Rules

Simple Expressions

7 is a valid integer b is a valid boolean
(TS-E-1) — (TS-E-2)
R, EFi:int R,EFb: bool

R, EtFiy:int R, EFig:int

op € {+,-,*
(TS-E-3) b { ‘} (TS-E-4)
R,EF iy op g :int t<:«
t is unsafe
(TS-E-5)

R,E+ Error: ErrorType

Figure 64: Simple Expression Typing Rules B
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Variable Declarations

id is a valid identifier id is a valid identifier
id ¢ domain(R)Udomain(E) id ¢ domain(R)Udomain(E)
R EFe:t R EFe:t
t is safe t # ref(id ') t is unsafe t # ref(id ')
R' = R[t/id] E. = Et/id]
R,EFS:t"xt" REFS:t"xt"

(TS-V-1)

TS-V-2
R EFletid:t = e;S:t"xt" R EFletid:t = e;S :axt’”( )

id is a valid identifier
id ¢ domain(R)Udomain(E)
R Ete:t
t # ref(id ')
E' = Ela/id)
R EES:t"xt"
R EFletid:a = ¢e,5 :axt

mn (TS-V-3)

Figure 65: Variable Typing Rules

Assignment

R(id) =t R,Ete: t R,EFe:ref(id t) id # id R(id) =t
t is safe t is safe
(TS-A-1) . . : : : . (TS-A-2)
R, EtFid = e; :void X void R,EtFid = e; :void X void

REFreflid,t)  id#id  E(id) =t
E(id)=t  R,Ekre:t t is unsafe

(TS-A-3) : : . , (TS-V-A-4)
R, EFid = e; :axwvoid Fy,Sq,Rs, EsHid = e ; : axvoid
Reference
R(id)=t vV E(id) =t
(For the last case) H(l) =vAR,Etwv:t
(TS-R-1) : ,
R,EtFid :xref(id,t)
R,E+ &id : ref(id,t) (TS-R-2)

R, Et+ ref{id,l} :ref(id,t) t <:xref(id,t)

R(id) =t v E(id)=t R EFuv:t
R, EF xref(id,v) : xref(id,t)

(TS-R-3)

Figure 66: Other Variable Typing Rules B

61



Control Flow

R EFD 14
R,E+b :bool R,EFS] itoxt
R,EF Sy :void xt R.EF Sy ity xt”
R.EF Sy :voidxt (t1 = bool Vi, =) At' #t"
(TS-C-1) . : : (TS-C-1a)
R, EFif b {S1} else {So}:voidxt REFif b{S1} else {S2}:axa
R EFDb 1
R, EF S :tQXt/
R.EF Sy :toxt
(TS-C-2) t1 =aV (t; =bool Nty = «) R,EED :boolR,E+ S :voz’dxt(Tscg)
Y R EFif b {Si} else {Sa}:axt  R,EFwhile b {S}:voidxt o
R EFD :t R.EF S :txt
R EFS :t/xt’ R.EF Sy :txt
(TS-C-4) t=aV(t=bool ANt' = q) (TS-C-5) S isn’t a let statement
" R,EF while b {S}:axt" Y REFS) Soitxt
R.EF S 1ty xt
R, EF Sy itgxt”
ti=aVta=aVt #t’
S7 isn’t a let statement (TS-C-6)
REFS; Sy:axa o
TS-C-7 TS-C-8 TS-C-8
( )voidxvm'd<:T1 x Th axvoid<:a><T( ) ErrorType<:a><T( )

Figure 67: Control Flow Typing Rules
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Return

R, EFe:t R EFe:t

t is safe t is unsafe
(TS-R-1)

TS-R-2
R,Etreturn e; :void xt R,E F return e; :axt( )

Other

TS-0-1 R EFe:t tissafe R,EFte:t t is unsafe TS-O-1
(TS-0-1) R, E\e;:void X void R, EFe;:axvoid (TS-0-1a)

V(id)=I'NH(l) =
E(id) =t R EFwv:t t is safe

(TS-0-2) : : : : :
R, EF free(id);: a x void R, E & clear(id,l);: void X void

(TS-0-3)

R,EF Stlid s H(V(id))] : Ty x T
REFSt: T\ x T

(TS-0-4)

Figure 68: Other Statements
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Functions

Fd<Fid> = Fid(Pl : Tl,PQ 15, Py Tn) — T
P, P, ..., P, are unique
VteTy, Ty, ..., Ty, T, : tis safe
R ={P :T\,P:Ty,...P,: Ty}
R ,EF Sy Sy ... Sj return e;
clear(idy,l1);clear(ida,l2);...clear(idy, ,);: void x T"
T =T, NT' # ref(id, T")

Jn>0
(TS-F-1)

R,E F def Fid<P1 : Tl, P2 : TQ,... Pn : Tn) —
T, {S1 Sz ... Sj return e;clear(idy,l1);clear(ida,la); ...clear (idy, 1)} }
F(PL:Ti, Po:To,... Po:Ty) — T,

Fd<Fid> = Fid(Pl T, Py T5,.. Py Tn) — T
Py, P, ..., P, are unique
Vt€Tu, Tao, ..., Ty : tis safe
VteT., Teo, ..., Teq, T, : tis unsafe
b,d,n >0 b+d=n
Ta1, Tag, o TapUTe, Teoy ..., Teg="1T1, 1o, ..., Ty
—{Pal al Pag : Ta2, s Pap - Ty}
—{Pcl Pc2-T027~--7Pcd:Tcd}
R, E'"t+ 51 Sy ... Sj return e;clear(z’dl,ll);clear(idz,lg);...clear(idn,ln);:
osz;Tr:oz\/T;:T

(TS-F-1a)

R,E ~ def de<P1 Tl, P2 TQ, ) —
T, {S1 Sz ... Sj return e; clear(zdl,ll) clea'r’(zdg l )
..clear (idn, l); } Fig(Pr: Ty, Po: Ty, ... Py Ty) —

R,EFSt: Ty xTo ATy isn't «
(TS-F-2) e
R, E+ FunctionLiteral{St} : T
R, EF St: Ty x Ty NTy isn’t void
(TS-F-3)

R, Et FunctionLiteral{St} : o

Figure 69: Function Typing Rules
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Structures

R,EFSt:eg:t1, REFESt:es:ty, ..., RREFSt:e,:t,
R, E & StructureLiteral{S;q{a; = e1,a2 = ea,...ap, =€, }} :
Siafay :t1,a2 : ta,...ap  ty}

(TS-S-1)

R, EFSt:ej:t;, R EFSt:es:ty, ..., RREFSt:e,:t,
R, E+ Sid{al =e1,a9 = €2,...ay = €n} : Sid{al it1,a9 1 to,...ap : tn}

(TS-S-2)

l1,l2,...l,, € domain(H)

TS-S-3
( ) R Et Siglay - li,a2 1 1o, ..an 2 1n} - Sig{ar 1 t1,a2 : to,...an : ty}

Structure Assignment

R,E ey :xref(id , Siglay 1 t1 =l1,a0 : ta = lo,...an 1ty = 1p})
Vt € ty,to,... t,, : T is safe id=A; € A1, As,... A,
R, Etey:T; ti # ref(id” t)

R, E & eq.id = eq : void X void

(TS-S-A-1)

R,E ey :xrefid , Siglay 1 t1 =l1,a : ta = lo,...an 1ty = 1p})
Vt € ty,to,... t, : t is safe id=a; € ay,as,...an
R,E ey ref(id” t;)
R(id/) = Sid{al cty=11,a9 ity =1, ...an : t, = ln} R(id”) =1t

TS-S-A-2
( ) Fy,S4, Rs, Es Feq.id = eo : void X void
R,E ey xref(id , Siglay 1 t1 =l1,a0 : ta = lo,...an 1ty = 1p})
id=a; € ay,as,...an t; is unsafe
(TS-5-A-3) R EFey:t; t;= tivti=a t.; # ref(id”t)
R, EFerid=es:axvoid
R,E ey :xrefid , Siglay 1 t1 =l1,a0 : ta =lo,...an 1ty = 1p})
id=a; € ay,as,...ap t; is unsafe
(TS-S-A-4) R EFey: ref(id.’,tg) t; = ayt; =t
R, EFerid=es:axvoid
R,E ey : xref(id o) R,Et+ ey *xref(id o)
R Eteg:t R, EF ey :ref(id” t)
t # ref(id” ') t is unsafe
(TS-S-A-5) (TS-S-A-6)

R, EFejid=ey:axvoid R Et ej.id=ey:axvoid

Figure 70: Structure Typing Rules
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More Structures

R Ele: *ref(z’d’,Sid{al ty=1l1,a9 1t =la,...ap, : t,, = ln})

td =a; € ay,az,...a
(TS-S-R-1) (e el Ml

R,E*ey.id : xref(id ;)
R, E\ &ey.id : ref(id',t;)

R,E ey : xref(id | a)

(TS-S-R-1) ,
R EFeiid:

Figure 71: More Structure Typing Rules
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Global Definitions

R,Etdef Fiq1(P11:Ti1, P12:Ti2,

s Plny 1 Tiny) = Tr1 {S115812...815, return e;}: T}
R,Etdef Figo(P21:Ta1, P2z :Ta2,.

vy Pang : Tony) = Tr2 {S21522...824, 7Teturn ez;}: Té

R,Erdef Fiq;(Pj1:Tj1, Pj2:Tja2,..., Pjnj :Tj"j)—>Trj {Sﬂsjgu.sjmj return ej;}:TJ/v
R,EF struct Sig1{A11: Tyy, A1z : Tio, ey Atmy i Ty 3 Tgy
R,E b struct S;ga{A21 : Téll, Ago : T2”2, ey A2mg T2”m2} : TJ{+2

R,E b struct S;gp{Ak1 :T,lcll, Apo : T};IQ, s Akmy, :T]'Clmk} S T;+k
R,Et+ S[Figi(ai1,a12,...a1n,) = FunctionLiteral
{(let P11 : T11 = a11;let P12 :Ti2 =aig ... let Piy : Tip = a1n;S11522...8¢, Teturn e1;)}
[Fig2(a21,a22,...a2n, ) = FunctionLiteral
{(let Pa1 : T21 = a21;let Pag : Too = agg ... let Pay : Toyp = a2n;S21 S22...824, Teturn e2;) ...
[Fign(aj1,a52, 4..a,jnj) +— FunctionLiteral
{(let Pjy : Tj1 = ajy;let Pjo:Tjo = ajo ... let Pjnj :Tjnj = anj§sjlsj2<-<szj return eji)}]
[Sia1{A11 = E11, A12 = E12,..., Aim; = E1m  } —
StructLiteral{S;q1{A11 = E11, A12 = E12,..., Aim; = E1m; }}]
[Siaz{A21 = B21, A2z = E22,..., Aamy = Bamy}
StructLiteral{S;q2{A21 = E21, A22 = E22,..., A2amy = E2my }}]...
[Siar{Ar1 = Ex1, Ak2 = Eg2sooos Apmy, = Bimy }
StructLiteral{S;qx{Akx1 = Ex1, Ake = Exo,..., Akmk = Eknzk}}] it
0<4,k
0< ni,n2,..n;
0<zy,22,23,.

LT
0<mi,ma,..mg

Sjq are unique F;4 are unique
(TS G ]_) A;, P; are unique in the context of their definitions
R,EFdef Fig1(P11:T11, P12:Ti2,.

-y Piny i Tiny) = Tr1 {S11512...S12; return e}

def Figa(P21:T21, P22 :T22,...; Pang i Tang) — Tr2 {S21522...S22, return ez;}

ey P T

def Fiqj(Pj1:Tj1, Pj2:Tja,. ing Tin ) = Trj {SlejQ...SjIj return ej;}
struct S;g1{A11 :Tlul, Aqo :T1"27 vy Almg :T{f’nl}
" /" %
struct S;ga{A21 : Ty, A2z :Thy,..., A2m2 :szz}
= - A e .
struct Sjqp{Ak1 : Tr1r A2 Thos s kmy, ¢ Tkmk} S:t

Figure 72: Global Definitions Typing Rules B
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6.3 Small-step Operational Semantics

Simple Expressions

er, H— ¢ H V/ e,H— e H V'
(S-E-1) op € {+,-,*} op € {+,-,*} n € integers (S-E-1b)
e1 opea, HV — € op ey, H V' nopeHYV — nope,H,V'

op € {+,-,* n3=mni op n ni,ng,n3 € integers

(S-E-1c) pE{ } 3 1 0p n2 1,12,M13 g
ny op no, H,V — ns, H,V
op € +7'a* op € +,—,*
(S-E-1d) pe it pe it (S-E-1e)

Error op e, H,V — FError, H,V n op Error, H,V — FError, H,V

op € {+,-,*} n € literals An ¢ integers

(S-E-1f)
nope HYV — Error,H,V

op € {+,-,*}  m € literals A\'m ¢ integers
nopm,H YV — FError, H,V

(S-E-1g)

Figure 73: Simple Expression Evaluation Rules
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Variable Declarations

e, HV — e H' V'

S-V-D-1
( )let id:t = e;St,H,V —sletid:t = €;St,H' |V’

t is safe H' V' 1= alloc(H,V,id,v)
let id:t = v;St,H,V — St clear(id,l);, H',V'

(S-V-D-2)

(S-V-D-3) ——
let id:t = Error;StH,V — Error,H,V

t is unsafe H' V' =alloc(H,V,id,v)

S-V-D-4
let id:t = v;St,H,V — St. H'\V' ( )
Figure 74: Variable Declaration Evaluation Rules B
Assignments
H V' "H' V! H = lloc(H,V (id
(S-V-A-1) - e,V —)e., ,‘// / | realloc(H,V (i /))] (S-V-A-2)
id=¢;,HV —id=e¢; H,V id=v; H— H)V
(S-V-A-3) V' = Viid/l (S-V-A-3)
id = ref{id',l} ,H,V' — _H,V’ id= Error,H,V;— Error,H,V
References
Viid) =1 led in(H H(l)=
(S-V-R-1) (id) ' € omam(. ) =wv . (S-V-R-2)
id, H,V — xref(id,v)H,V sxref(id,v),H,V — v, H,V
(S-V-R-3) V(id) = l. I ¢ domain(H) H()=v Vgid) =1 le do.main(H) (S-V-R-4)
id,H,V — Error,H,V &id, H)V — ref{id,l},H,V
V(id) =1 1 ¢ domain(H) (S-V-R-5)

&id, H,V — Error,H,V

Figure 75: Other Variable Evaluation Rules
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Statements

S1,HV — S H V' (S1 # let id : t =v; 51 # return e;)
5152 — S/SQ,H/,V/

(S-S-1)

(S-S-2)

S-S-3
SS9, H,V — S5, H,V return v; S, H,V — return U;,H,V( )

(S-S-4)
Error;S,H,V — Error; , H,V

Control Flow

b,HV — b, H' V'
if b{S1} {So}, H,V —if V/ {S1} {S2},H', V'

(S-C-1)

(S-C-2)

if true {S1} {S2},H,V — S1,H,V

if false {S1} {So},H,V — Sy, H,V (S-C-3)

S-C-4
if Error {S1} {S2},H,V — Error,H,V ( )

S-C-5
( ) while b {SEL.H.V — if b {St while b {S1}} else{STLH.V

Return

e, HV — e H' V/

(S-R-1) : TRV
return e;, H,V — return e';, H',V

(S-R-2)
return Error;, H,V — Error,H,V

Figure 76: Statement Evaluation Rules

70



Other Statements

e,H7V—>e’,H',V'
e, HV — e H' V' v: HV — HV

(S-0-1) (S-0-2)
H' =H/V(id)  V'=V/id

S-0-3 S-0-4
( ) Error;,H,V — Error,H,V  free(id),H,V — H' V' ( )

id ¢ domain(V)VV (id) & domain(H) — H',V' = clear(H,V,idy,ls)
free(id),H,V — Error,H,V clear(idy,ly);, H,V — _ H' V'

(S-0-5) (S-0-6)

Figure 77: Other Statement Evaluation Rules

Functions

St,HV — St H' V'

S-F-1
( ) FunctionLiteral{St}, H,V — FunctionLiteral{St'},H' V'

H' V' = clear(H,V,idy,ly,ids,la,...idy, 1,);
FunctionLiteral{return v; clear(idy,l);
clear(ida,ls);...clear(idy;ly); , H,V — v, H' ) V'

(S-F-2)

n>0

FunctionLiteral{ Error clear(idy,l);
clear(ida,l3);...clear(idy,ly); }, H,V — Error, H,V

(S-F-3)

Figure 78: Function Evaluation Rules
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Structures

(S-S-1-1)

StructLiteral{S;q{a1 : t| = e1,a :ta = ea,...ap : t, =€y} }, H,V —
Siafar :t1 =e1,ag 1 to =e9,...ap : tp=en}, HV

ei_|_1,H,V — 6;+1,Hl,vl
Sia{ar i t1 =v1,a2 1 ta =v9,...a; 1 t; = vj...
i1t it = €i41, Wit2 Ly = €42y .. Qign * tien = €iqn }, H,V
H
Sig{al 1 t1 =vi,a2 1t =v9,..a; : t; =

(S-S-L-2)

/ / /
Vi Qig1  Lig1 = €541,0542 g2 = €42, ..Qign < Lign = €iqn ), ',V

alloc(H,vy,ve,..v5) = H' 11,13, .1,
Sia{ar :t1 =v1,a9 :ta =2, ...an : ty, =vp}, H,V —
Siafar ity =11,a9 :ta=1lo,...ap : t, =1}, H |V

(S-S-L-3)

(S-S-L-4)

Sid{al 1l =v1,a9 1ty =v9,...a; 1 t; = ;...

Qi1 : tig1 = Error, a4 tivo = €i42,...0i4n  titn = €iyn},
H)V — Error,H,V

Figure 79: Structure Evaluation Rules
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Structure Assignments

e1, HV — e, H' V'

(S-S-A-1) ——— s 7
erid=e, H'V — ejiid=e2, H',V

e, HV — e H' V'’
sref(id, Sig{ar : t1 =l1,a i to =lo,...ap : ty =, }).id = e, H,V —
*Tef(id/,sid{al cty=l,a9 i to=lo,...ap i ty, = ln})zd = el,Hl,V/

(S-S-A-2)

id = a; H' =realloc(H,v)

S-S-A-3
( ) sref(id,Sig{lar : t1 =l1,a9 1 ta =lo,...ap : tp =1, }).id =v,H,V —  H'V
id':ai
V= V[Sid{al tr=l,a0:ta=ls,...a;:t; =1 ... ap  ty, = ln}/zd])
id € domain(V)

S-S-A-4
( ) *ref(id, Sid{al tr=l,a9:ta=lo,...a; :t;=1; ... ap : t, = ln}).id/

=ref{id" I}, H,V — _ H V'

(U1 = *ref(id,Sid{al i =l,a0:ta=ls,...a;:t; =1; ... ap : ty, = ln})/\
id ¢ domain(V'))V
(v1 # xref(id, Sig{ar : t1 =l1,a2 : tg =lo,.ca;  ti =1; ... ap :ty =1}))V
(v =ref{id,l} Nl ¢ domain(H))V (v = Error)
v1.4id = vy, H,V — Error,H,V

(S-S-A-5)

Figure 80: Structure Assignment Evaluation Rules B
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Structure References

e, HV — ¢ H' V'

S-S-R-1
( ) e.id, H,V — ¢ id, H', V'

id = a; li € domain(H) H(l;) =
*ref(z‘d,Sid{al ity =l1,a9 1t =lo, ...
ai ti =1l .. ap:ty=1,})id  HV — v, HV

(S-S-R-2)

’id/ = ay H(l) = Sid{al : tl = l1,a2 . tQ = lQ, Qg ti = ll o Q- tn = ln}
li € domain(H)
ref{id,l}.id \H,V — ref{id,l;},H,V

(S-S-R-4)

(v=sxref(id,Sig{lal :t1 =l1,ag 1 to =lo,...a; :t; =1; ... ap :ty =1 })A
id = a;,l; ¢ domain(H))V
(’U #+ *ref(id,Sid{al i =l,ag i to=lo,..a;:ti =1 ... an ity = ln})/\
(v#reflid,l}))V (v=ref{id, I}
(H(l) #+ Sl-d{al i =l,a0:ta=ls,...a;:t; =1; ... ap : ty, = ln}\/
id = a,l; ¢ domain(H)))

(S-S-R-5) —
vad ,H,V — Error, H,V

Figure 81: Structure Reference Evaluation Rules B
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Global Definitions

( ) def Fiq1(P11:T11, P12:T12,..., Piny : Ting) = Tr1 {S11512...S12, return ey;}
def Fiqo(P21:T21, P22 :T22,..., Pangy : Ton,) — Tra {S21522...825, return ea;}
def Fiqj(Pj1:Tj1, Pj2:Tja,..., Pj'"j Tjnj ) = Trj {Sj1 SjQA.ASjmj return ej;}
struct S;g1{A11 :Tl/ll7 A1 :T{lz,..,, Alml :T{lml}
struct S;go{A21 :T2”1, Ago :TQHQ, ooy A2mag :Téfm2}
struct S;jqr{Ak1 :T};ll, Apo : T];lz,.“, Akmy, :T};/mk},st —
St[F;q1(a11,a12,...a1n, ) = FunctionLiteral
{(let P11 : T11 = a11;let P12 :Ti2 =ajg ... let Piy : Tip = a1n;S11522...S¢, Teturn e1;)}
[Fias(a21,a22, 4..a2n2) +— FunctionLiteral
{(let P21 :T21 = az1;let Paa: T2z = a2z ... let Pop : Tap = a2pn;S21S522...822, return e2;)}...
[Fign(aj1,a52, 4..a,jnj) +— FunctionLiteral
{(let Pjy : Tj1 = ajy;let Pjo: Tz =ajo ... let Pjnj :Tjnj = aﬂ,j;SjlsJ24.4Smj return eji)}]
[Sia1{A11 = E11, A12 =E12,..., Aim; = Eim  } —
StructLiteral{S;q1{A11 = E11, A12 = E12,..., Atm; = E1m; }}]
[Siaz{A21 = B21, A2z = Ea2,..., Aomy = Bamy}
StructLiteral{S;q2{A21 = E21, A22 = E22,..., A2msy = Eam, }}]...
[Siak{Ak1 = Eg1, Ak2 = Eg2soooy Apmy = Bimy } —
StructLiteral{S;ak{Ak1 = Ex1, Ak2 = Ek2,-.; Apm;, = Egm }}

Figure 82: Global Definitions Evaluation Rules B

6.4 Clear Assumption

Clear is a special statement. If this language had a compiler, it would insert clear
statements in an intermediate stage. Clear isn’t meant to be a part of the surface language,
so I assume some special rules for its use. Firstly, I assume that all clear statements are
valid only if they result from the evaluation rule (S-0-6). From this, I assume that clears
only exist at the natural end of a variable lifetime, meaning for all instances of clear(id,l);,
V(id)=1"and H(l) =v. Lastly, I also assume that clears only appear in expressions where
id ¢ domain(R). These are simple and fair assumptions based on the semantic and typing

rules, but annoying to incorporate because clear is an intermediate form.
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7 Soundness and Safety

7.1 Progress

Theorem 7.1 Progress 1

Progress 1 Part 1: If - E : T and T is safe, then E is an integer, a boolean, a safe refer-
ence literal, a safe structure literal, or there exists some E’, such that E,H,V — E' . H' V.

Proof by strong induction on the depth of the derivation of v E : T, (and - E :
void X Ty, see Progress Part 2). Consider the last step of the derivation:

Case 1: | i: iis an integer.
Case 2: - b: b is a boolean.
Case 3: ey op ea :int and op € {+, —,*}

1. e1 op eo: By inductive assumption, ey, H,V — €}, H',V'. So, e1 op es, H,V —
e, H', V' op ey (S-E-1)

2. n op e: By inductive assumption, e, H,V — ¢/, H'.V'. So, n op e,H,V — n op
¢.H' V' (S-E-2)

3. nop mHYV — v,HV(S-E-1c)
Case 4: Fid: t1,b *ref(id,v) : to,F &id : t3 and F ref{id,l} : t4

1. id: This is impossible. Since Ry and Eg are both empty, this cannot possibly be the
last derivation; id ¢ (.

2. *ref(id, v) This is impossible. Since Ry and E are both empty, this cannot possibly
be the last derivation; id ¢ (.

3. &id: This is impossible. Since Rs and E4 are both empty, this cannot possibly be
the last derivation; id ¢ 0.

4. ref{id, 1} This is impossible. Since Rs and Es are both empty, this cannot possibly
be the last derivation; id ¢ (.

Figure 83: Progress 1 Part 1 A
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Continuation 1 Progress 1 Continued

Case 5: - FunctionLiteral{St} : T

1. FunctionLiteral{St}, H,V — FunctionLiteral{St'},
H V' By inductive assumption, St,HYV — St H V' So,
FunctionLiteral{St},H,V — FunctionLiteral{St'},H",V'. (S-F-1)

2. FunctionLiteral{return v;clear(idy,l1);clear(idy,l2);...clear(idp,ly); }, H,V —
v, H,V' (S§-F-2)

Case 6: + Sl-d{al : tl = El,a2 : tQ = EQ, ...Qp tn = En}} : Sid(al : tl,ag : tQ,...CLn : tn) and
structure literal.

1. StructrueLiteral{S;q{a1 :t1 = e1,a2 :to =e€a,...an : ty =en}}, H,V — S;g{ai : t1 =
€1,a9 1ty =e€9,...an : tp = en},H,V.(S—S—L-I)

2. By inductive assumption, e;, H,V — e, H',V'. So, StructrueLiteral{S;q{a :
tl =v1,09 : tQ = V2,...4; : ti = Vj...Qj41 ti—i—l = €i+1,0;42 ti+2 = €j4+2,...Aj4n : tin =
6¢+n}},H,V — Sid{al 111 = 01,09 1l = v9,...q; 1 b = Vj...Gi41  tip1 = eg_i_l,CLH_Q :
tito = €42, ..Qjtn : titn = €itn}, H,V (S-S-L-2)

3. Sid{al 111 =wv1,a9 1t =v9,...a5 1 t; = Ui},H,V — Sid{al ct1=1l1,a9 ity = o, ...a4
t; :li},Hl,V.(S-S-L-S’)

4. Siglar :t1 =1l1,a9 1ty =lo,...an : t, = I} is a structure literal.
Case 7: Fe.ud

1. e.id This is impossible. Since Rs and Ey are both empty, this cannot possibly be
the last derivation; id ¢ ()

2. xref(id,Sig{ar : t1 = li,a2 : tg = lg,...ap : t, = l,}).4d" This is impossible. Since
Rs and Es are both empty, this cannot possibly be the last derivation; id ¢ ()

3. ref{id,l}.id" This is impossible. Since Ry and Es are both empty, this cannot
possibly be the last derivation; id ¢ ()

Figure 84: Progress 1 Part 1 B
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Continuation 2 Progress 1 Continued

Progress 1 Part 2: If - E : void x T, then E is _, or there exists some E’, such that
E,HV —FE H V.

Case 1: Fletid:t=e;St: Ty xTs

1. let id:t = e; St: By inductive assumption, e, H,V — ¢ H'V'. So, let id:t =
e;St,H,V —> let id : t =¢';St,H' V' (S-V-D-1).

2. let id:t = v; St, H, V — St clear(id,l);, H',V' (S-V-D-2)
(H', V'l =alloc(H,V,id,v))

Case 2: Fid=e;: Ty xTs

1. id = e;: This is impossible. Since Rs and E4 are both empty, this cannot possibly
be the last derivation; id ¢ 0.

2. id = v;: This is impossible. Since Rs and Eg are both empty, this cannot possibly
be the last derivation; id ¢ (.

3. id = ref{id’, 1};: This is impossible. Since Rs and Es are both empty, this cannot
possibly be the last derivation; id ¢ ().

Case 3: F 5152 :T1 x T

1. S1Sy (S1 # let id: t =v;S1 # return e;): By inductive assumption, S, H,V —
S1,H',V'. So, 5155, H,V — S1So,H' V' (S-5-1)

2. So,H,V — So,H,V (S5-S-2)
3. return v;Se, H,V — return v;, H,V (S-S-3)
Case 4: Freturn e;: Ty x Th

1. return e;: By inductive assumption e, H,V —s €/, H',V'. So, return e;, H,V —
return ¢';, H', V' (S-R-1)

Case 5: Fif b {S1} else {Sa2} :T1 xTh

1. if b {S1} else {So}: By inductive assumption b, H,V — V. H' V'.  So,
ifb {Sl} else {SQ},H,V — ifb/ {Sl} else {SQ},HI7V/ (S-C-I)

2. if true {S1} else {S2},H,V — S1,H,V (S-C-2)
3. if false {S1} else {Sa},H,V — So,H,V (S-C-3)
Case 6: - while b {S1}: T x Ty
1. while b {St}, H,V — if b {St while b {St}} else {St},H,V (S-C-5)

Figure 85: Progress 1 Part 2 A
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Continuation 3 Progress 1 Continued
Case 7: Fej.id =es

1. ey.id = e9 This is impossible. Since Rg and Es are both empty, this cannot possibly
be the last derivation; id ¢ ()

2. sref(id, Sig{ar : t1 =l1,a2 : ta = la,...ap : tp, =1, }).id = e This is impossible. Since
Rs and Es are both empty, this cannot possibly be the last derivation; id ¢ ()

3. sref(id, Sig{ar : t1 =l1,a2 : ta = o, ...ay, : t, =1, }).id" = v This is impossible. Since
Rs and Es are both empty, this cannot possibly be the last derivation; id ¢ ()

4. xref(id,Sig{ar 1 t1 =ly,a9 : to =la,...ap : tp, =1 }).id =ref{id”,l} This is impossible.
Since Rg and Es are both empty, this cannot possibly be the last derivation; id ¢ ()

Case 8: F Global Definitions

1. Global Definitions reduce. (S-G-1) I don’t list it here, because it is clear they
reduce by rule S-G-1 and it is a very large rule.

Case 9: Fe¢;

1. e;,H — €';,H',V' : By inductive assumption, e,H — ¢, H"\V', so e;,H —
e, H V' (S-0-1)

2. v, HV — . HV (8-0-2)
Case 10:  free(id);

1. free(id); This is impossible. Since Ey is empty, this cannot possibly be the last
derivation; id ¢ ().

Case 11: I clear(id,l);

1. clear(id,l); This is impossible. Since Rg and Es are empty, this cannot possibly be
the last derivation; id ¢ 0.

Figure 86: Progress 1 Part 2 B
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Theorem 7.2 Progress 2

Progress 2 Part 1: If - E : T and T is safe, then E is an integer, a boolean, a
reference literal, a structure literal, or there exists some F’, such that E, H,V — E' . H' V',

Proof by strong induction on the depth of the derivation of = E : T, (and T+ E
s void x Ty, see Progress 2 Part 2). Consider the last step of the derivation:

Case 1: I i: i is an integer.
Case 2: - b: b is a boolean.
Case 3: ey op es:int and op € {+,—,*}

1. e1 op eg: By inductive assumption, ey, H,V — €|, H',V'. So, €1 op es, H,V —
e, H V' op ey (S-E-1)

2. n op e: By inductive assumption, e, H,V —s ¢/, H'V'. So, n op e, H,V — n op
¢ H' V' (S-E-2)

3. nop mHYV — v,HV(S-E-1c)
4. Error op e, H,V — Error,H,V (S-E-1d)
5. n op Error,H)V — FError,H,V (S-E-1e)
6. vop ey, HV — Error,H,V (S-E-1f)
7. nop v,HV — Error,H,V (S-E-1g)
Case 4: Fid: t,F *ref(id,v) : to,F &id : t3 and & ref{id,l} : t4

1. id: This is impossible. Since Rs and Es are both empty, this cannot possibly be the
last derivation; id € ().

2. *ref(id, v): This is impossible. Since Rs and E4 are both empty, this cannot possibly
be the last derivation; id ¢ ().

3. &id: This is impossible. Since Rg and Es are both empty, this cannot possibly be
the last derivation; id ¢ 0.

4. ref{id, 1}: This is impossible. Since Rg and Ej are both empty, this cannot possibly
be the last derivation; id ¢ (.

Figure 87: Progress 2 Part 1 A
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Continuation 4
Case 5: F FunctionLiteral{St} :T

1. FunctionLiteral{St},H,V — FunctionLiteral{St},H',V': By inductive as-
sumption, St,HV — St H' V. So, FunctionLiteral{St},H,V —
FunctionLiteral{St'},H",V'. (S-F-1)

2. FunctionLiteral{return v; clear(idy,ly);clear(ida,l2);...clear(idp,ly); }, H,V —
v,H' V' (S-F-2)

3. FunctionLiteral{ Error clear(idy,ids,...idy); }, H,V — Error,H,V (S-F-3)
Case 6: FS;g{a1:t1 =11,a0 :ta=lo,...an : tp, =1y} : Sjg(ag = e1,te =to,...anp = ty)

1. StructrueLiteral{S;s{a1 : t; = e1,a2 :toa =ea,...an : ty, =en}}, H,V — Sig{a; : t1 =
e1,ag to =eg,...ap : t, =€y}, H,V.(S-S-L-1)

2. By inductive assumption, e;, H,V — e; 1, H',V'. So, StructrueLiteral{S;s{a1 :
11 =v1,a2 110 =v2,...0; 1 t; = Vj...Qi41 : Lit1 = €41, Qi42 : Li42 = €i49, ...Q44n : Litn =
eiantt, H,V — Siglar : t1 = vi,a2 1 to = v2,...a5 : t; = Vj..@ip1 : tig1 = €)1, G542
tit2 = €19, ...Qjtn : titn = €itn}, H,V (S-S-L-2)

3. Sigfar :t1 =vi,a9 :tg =v9,..a; ity = v}, H,V — Sijg{a1 1 t1 =l1,a2 1 ta =lo,...a;
t;=1;},H',V.(S-5-L-3)

4. Sid{al ity =v1,a2 1t =02, .05 1 t; = Vj...qi41 1 tip1 = Error,aipo i tiio = €49, ...Qj4p
tivn = €iyn}, H,V — Error,H,V (S-S-L-4)

Case 7: Fe.id

1. e.id This is impossible. Since Rs and Ey are both empty, this cannot possibly be
the last derivation; id ¢ ()

2. xref(id,Sig{ar : t1 = l1,a2 : to = lg,...ap : tp, = l,}).9d" This is impossible. Since
Rs and Ej are both empty, this cannot possibly be the last derivation; id ¢ ()

3. ref{id,l}.id" This is impossible. Since Rs and Fs are both empty, this cannot
possibly be the last derivation; id ¢ ()

Figure 88: Progress 1 Part 1 B

81



Continuation 5

Progress 2 Part 2: If - E: a x T, then E is _, Error, or there exists some E’, such that
E,HYV — FE H V.

Case 1: Fletid:t=e;5t: Ty xTs

1. let id:t = e; St: By inductive assumption, e, H,V — ¢/, H',V'. So, let id:t =
e;St,H,V — let id : t =¢';St,H' V' (S-V-D-1).

2. let id:t = v; St, H, V. — St clear(id,l);, H',V'(S-V-D-2)
(H', V'l =alloc(H,V,id,v))

3. let id:t = Error; St: let id:t = Error;St,H,V — Error,H,V (S-V-D-3).

4. let id:t = v; St, H, V. — St;,H' V' (§-V-D-4)
(H', V' =alloc(H,V,id,v))

Case 2: Fid=e;:T) xTs

1. id = e;: This is impossible. Since Rs and E4 are both empty, this cannot possibly
be the last derivation; id ¢ 0.

2. id = v;: This is impossible. Since Rg and FEs are both empty, this cannot possibly
be the last derivation; id ¢ 0.

3. id = ref{id’, 1};: This is impossible. Since Rs; and Es are both empty, this cannot
possibly be the last derivation; id ¢ ().

4. id = Error;: This is impossible. Since Rs and Es are both empty, this cannot
possibly be the last derivation; id ¢ ().

Case 3: F 5152 : T x T

1. S15y (S1 #let id: t =v;S1 # return e;): By inductive assumption, S, H,V —
S1,H',V'. So, 5155, H,V — S1So,H' V' (S-5-1)

2. So,HV — Sy, HV (S-5S-2)

3. return v;Se, H,V — return v;, H,V (S-S-3)

4. Error St,H,V — Error,H,V (S-S-4)
Case 4: Freturn e;: Ty x Th

1. return e;: By inductive assumption e, H,V —s ¢/, H'.V'. So, return e;, H,V —
return ¢';, H', V' (S-R-1)

2. return Error;, H,V — Error,H,V (S-R-2)
Figure 89: Progress 2 Part 2 A
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Case 5: Fif b {S1} else {So}:Th x 1>

1. if b {S1} else {S3}: By inductive assumption b, H,V — b/ H' V'.  So,
if b {S1} else {So}, H,V — if b/ {S1} else {Sa2}, H',V' (S-C-1)

2. if true {S1} else {S2},H,V — S1,H,V (5-C-2)

3. if false {S1} else {S2},H,V — So, H,V (S-C-3)

4. if Error {S1} else {S2},H,V — Error,H,V (S-C-4)
Case 6: Fwhile b {S1}:T1 x Tj

1. while b {St}, H,V — if b {St while b {St}} else {St},H,V (S-C-5)
Case 7: Fej.id =es

1. ey.1d = e9 This is impossible. Since Rg and Es are both empty, this cannot possibly
be the last derivation; id ¢ ()

2. xref(id',Sig{lay 1 t1 =ly,a9 : ta =lo,...an : t, =1, }).id = e This is impossible. Since
Rs and Es are both empty, this cannot possibly be the last derivation; id ¢ ()

3. xref(id, S;g{ar : t1 =l1,a2 : ta = o, ...ay, : t, =1, }).id" = v This is impossible. Since
Rs and Es are both empty, this cannot possibly be the last derivation; id ¢ ()

4. xref(id,Siglar : t1 =11,a9 : ta =lo, ...apn : t, =1, }).id' =ref{id" I} This is impossible.
Since Ry and Es are both empty, this cannot possibly be the last derivation; id ¢ ()

Figure 90: Progress 2 Part 2 B
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Case 8: - Global Definitions

1. Global Definitions reduce. (S-G-1) I don’t list them here, because it is clear
they reduce by rule S-G-1 and it is a very large rule.

Case 9: e¢;

1. e;,H — ¢';,H',V' : By inductive assumption, e,H — ¢/, H",V', so e;,H —
e, H V' (S-0-1)

2 v, H,V — H,V (5-0-2)
3. Error;,H,V — Error,H,V (S-0-3)
Case 10: + free(id);

1. free(id);This is impossible. Since Fs is empty, this cannot possibly be the last
derivation; id ¢ 0.

Case 11: + clear(id,l);

1. clear(id,l); This is impossible. Since R and Fs are empty, this cannot possibly be
the last derivation; id ¢ 0.

Figure 91: Progress 2 Part 2 C
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8 Preservation

8.1 Preliminaries

Statement Reduction Lemma: For all St, where I't= St: Ty xT5, St =__ or St,H,V —
St',H' V'

Proof: I give a reduction for every possible statement while proving preservation. For the
sake of brevity, I omit them here; just note all statements are either _ or they reduce.
This Lemma for statements with nested statements.

Underscore Lemma: I' T} xT5

Proof: Since I't__: void x void, by (TC-C-7) ' _: Ty x Tb.
8.2 Preservation Theorems

Theorem 8.1 Preservation 1

Preservation 1 Part 1: Let ' be some typing context: R E. If T'F E :
T and T is safe, ' H,Vand E.H,V — E' H' V. Then 'FE' :T and T+ H' V.

Proof by strong induction on the depth of the derivation of ' E : T, (and T'F
E :wvoid x Ty, see Preservation 1 Part 2). Consider the last step of the derivation:

Case 1: 7 is an integer, thus it cannot be reduced.

Case 2: b is a boolean, thus it cannot be reduced.

Figure 92: Preservation 1 Part 1 A
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Case 3: e] op eg op € {+,—,*}

I' = E; op Eo : int, and by inversion of the typing rules, I' = Fy: int and T’
I—EQZ int.

Consider the possible reductions:

1. (S-E-1) ey op ea, H'V — € op eq, H' V'

e1,H,V — €|, H', V' (by inversion of the evaluation rule). So, by inductive
assumption, I' Fé} : int and T' = H', V', Thus, T' F¢] op es - int.

2. (S-E-1b) nop e, HV — nope,H' V'

e, HV — ¢ H',V' (by inversion of the evaluation rule). So, by inductive
assumption, I' F e’ : int and T' = H')V'. Thus, I' Fn op €, : int.

3. (S-E-1c) n op m ,H,V — v, H,V. 1 assume the basic laws of arithmetic, thus n
op m is an integer. I'Fv :int (TS-E-1)

Case 4: id, *ref(id,v), &id,and ref{id,l}

Since I'Fid : T1, ' F xref(id,v) : To,T'F &id : T3 and T' - ref{id,l} : Ty, and T' = H,V, also
H(V(id)) =v

Consider the possible reductions:

1. T'Fid : xref(id,t), then id, H,V — xref(id,v), H,V(S-V-R-1). T F xref(id,v) :
xref(id,t)(TS-R-3)

2. Tk xref(id,v) :t (TS-R-2), so xref(id,v),H,V — v, H,V (S-V-R-2) and T'F v:t

3. 'k &id : ref(id,t), then &id,H,V — ref{id,v}, H,V(S-V-R-4). T F ref{id,v} :
ref(id,t)(TS-R-1)
4. ref{id,v}, doesn’t reduce.

Figure 93: Preservation 1 Part 1 B
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Case 5: I'+ FunctionLiteral{St} : T, by inversion of the type rules, I' - St : void x Ty

1. FunctionLiteral{St}, H,V — FunctionLiteral{St'},H', V' (S-F-1)

St,H,V — St',H',V' (Statement Reduction Lemma). By inductive
assumption (the second part of the assumption, see Preservation 1 Part 2),
I'E St :void x Ty and T'+ H',V'. Thus, I' b FunctionLiteral{St'} : T.

2. FunctionLiteral{return v;clear(id,l);clear(idz,l2);...clear(idy,;cleary); }, H,V —
v,H' V' (S-F-2).

Recall, I' - return v;: void x Ty, and T must be the same type as v, by inversion of
the typing judgement for return (T'S-R-1);. Thus, 'v:T. Also, ' H',V'. By the
typing premises (TS-F-2) H(l) = v, VI € [1,la,...l,, and V (id) =l and R(id) #t, Vid €
idy,ids,...idy,. So, T'= H') V' where H',V' = clear(H,V,idy,ly,ids,l2,...l,,idy,)

Case 6: ' - StructLiteral{S;q{a1 : t1 = e1,a2 : ta = ea,...ap, : tp, = en}} : Siglay : t1,a :
ta,...ap : tp), by inversion of the typing rules, I' - S;g{aj : t1 = e1,a9 : to = €9,...ap : t, =
€n} : Sid(al 2t1,a9 1 to,...ap tn)

1. StructLiteral{S;q{ay : t] = e1,a2 : toa = €a,...an : ty, = ep}}, H,V — Sig{ay : t1 =
e1,ag 1t =eg,..ap:tn=-ep}t,H,V (S-S-L-1). Recall, ' S;4{a1 :t1 =e1,a2 : ta =
€2, ...y 1ty =en} : Siglar 1 t1,a : ta,...an : ty)

Case 7: 't Sig{ar 1 t1 =vi,a9 1 ta = vo,...a; 1 t; = VjQig1 @ tig] = €i41,0542 @ tigo =
€i4+2,...054n : ti—i—n = ei_m} : Sid(al : tl,a2 : tg,...ai : ti...aiﬂ : ti+1,ai+2 : ti+2,...ai+n : ti—i—n)-
Also, by inversion of the typing rules, I'Fe;41 : ti4+1.

1. eiy1,HV — ej ,H' V', so by inductive assumption I' F e}, : t;41 and ' F
H' V' Sigfar 1 t1 = vi,a2 1 tg = vo,...a5 1 t; = Vj..Qig1 © ikl = €i41,G542 © tigo =
€i+2, - Qitn : titn = €ixn}, H,V — Sig{ar 1 t1 = v1,a9 1 ta = va,...q; : t; = v;...a441 :
tiv1 = €;+1,CLZ‘+2 D li4o = €i49,...Qjqn  Litn = GH_n},HI,V/.(S-S-L-Z) Thus, I' F
Sid{al 1t =v1,a9 :tg = V9,...05 1t = Vj...Qi41 S tip1 = 6;:+1,ai_|_2 (42 = €42, .. Qigp
ti—i—n = e,-_m} : Sl-d(al : tl,az : tg, Q= ti...aiﬂ : ti+1>ai+2 . ti+2, ceQij4p ti+n)

Case 8: I'F Sjg{aj : t1 =vi,a2 : tg = v9,...an : ty = vn} 2 Siglay 1 ty,a2 : ta,...an : ty)

1. (S-S-L-3) Sid{al (11 = v1,a0 1ty = v, ... by = ’Un} — Sid{al ct1 = 1,0z :
to =lo,...an : tp, =l }, H',V. From the rule, H' = alloc(H,v1,vs,...v,) Since, '+
H,11,12,...In ¢ domain(H) and H' = H[vy/li][va/12]...[vn /1 ]T H H', V.

Case 9: T'H Sid{al iy =1l1,a9 1t =1a,...ap : t, = ln} : Sz-d(al 2t1,a2 119, ...ap : tn)

1. Siglar :t1 =l,ag 1 ta =la,...ap : t, =1, } doesn’t reduce.
Figure 94: Preservation 1 Part 1 B
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Case 10: I'Fead:t,I'Fe: T
1. (S-S-R-1) e.id, H,V — €'.id, H', V'
e,HV — ¢, H',V', by inductive assumption, I' m ¢’ : T and T' - H',V'. So,
I'eéiad:t.

2. (8-8-R-2) xref(id,Sig{ar :t1 =l1,a2 : ta =lo,...ap : tp, =1, }).id ,H,V — v, H,V.
Since ' H, H(l;) = vand T'Fwv:t

3. (8-S-R-3) ref{id,l}.id H,V — ref{id,l;},H,V. Note T F ref{id,l}.id" :
ref(id,t). Since I' - H, H(l;) = v and T'F v :¢. Thus, ' F ref{id,l;} :
ref(id,t).(TS-R-1)

Figure 95: Preservation 1 Part 1 C
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Preservation 1 Part 2: Let I' be some typing context: Fy;,Sq, Rs,FEs. If T'H E :
vordxT, - H,Vand E,H,V — E' H')V'. Then '+ E’ : void x T and '+ H' V.

Case 1: let id:t = e; St

't let id:t = e; St : woid x T, by inversion of the rules I'e: T, and I' - St :void x T

Consider the possible reductions:
1. (S-V-D-1) let id:t = e; St,H,V — let id:t = ¢';St,H', V'

e,H,V — ¢ H'"V'. By Preservation Part 1 '+¢' : T, and ' - H',V'. St
didn’t change, so I' = St : void x T. Thus, I'Flet id:t = €'; St : void x T.

2. (§-V-D-2) let idt = v; St,HV — St clear(id,l);,H' V' (H' V' =
alloc(H,V,id,v)). T'F St:wvoid xT (TS-0-4) and I' - clear(id,l);: void X void
(TS-0-3). So, by (TS-C-5) and (TS-C-7), I' - St clear(id,l);: void x T. Also,
H' = Hv/l] and V' =Vl /id], | ¢ domain(H) and id ¢ domain(V), so if T+ H,V,
then '+ H', V',

Figure 96: Preservation 1 Part 2 A
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Case 2: id = ¢;
'+ id = e: T x T3, by inversion of the rule, I' - e: T,

Consider the possible reductions:

1. (§-V-A-1) id = ¢;,HV —id=¢;,H V'

e, H,V — ¢/ H',V'. By inductive assumption, I' = ¢ : T,, and T' - H' V.
Thus, I'Fid= 6/;: T1 X TQ.

2. (§8-V-A-2)id=v;,H,V — H'V,T'F_ :T; xTh(Underscore Lemma). Since
R(id)=tand ' H,V H(V(id))=v"and I'Fv':t. Since H' = H[v/l], H(V (id)) =v
and 'Fov:t,sol'+H' V.

3. (S-V-4-3) id = ref{id, 1},,H,V — _HV'DU v  : T} X
T»(Underscore Lemma). Since R(id) =t and T'H H,V, V(id)=1', H(l') =v and
['Fw:t. By inversion of the typing rules H(l)=v and '+v:¢, so '+ H, V.

Case 3: 5159

I'F S199: Ty x T, by inversion of the rules, I' = Sy: Ty x Ty, and I' = Sy: T5 x Ty

Consider the possible reductions:

1. (S-S-1) 5155, H,V — H' V' (S1 #let id:t =v;S] # return e;)

S1,H,V — S1,H',V' (Statement Reduction Lemma). So, by inductive
assumption, '+ S1 : T5 x Ty and T'F H' V', So, '+ 5155 : T1 x Tb.

2. (S-S-Q)_SQ,H,V —>SQ,H,V, I'+ SQ:T1><T2 (TS-C-5)

3. (S-S-3) return v; Sz, H,V — return v;, H,V : 'k return v;: Th x Ty. (Either re-
turn is the same type as the original expression, or (T'S-C-7) is applicable).

Case 4: return e; 't return e;: Ty x Ty, by inversion of the rules I'e: T,
1. (S-R-1) return e;, H)V — return ¢';, H',V’

e, H.V — ¢/, H'V'.  So, by inductive assumption I' me: T, and T'+ H' V'
So, I'return €';: Th x Th.

Figure 97: Preservation 1 Part 2 B
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Case 5: I'if b {S1} else {S2}: T1 x Ty. By inversion of the typing rule I't=b:T,, '
Sl :T3><T4, andFl—ngTg,xTG

1. (S-C-1)if b{S1} else {S2},H,V —if b/ {S1} else {Sa}, H', V'

b,HV — V', H'V' so by inductive assumption I' =¥ : T, and T+ H' V.
Thus, T'Fif b {S1} else {Sa} : T1 x To.

2. (S-C-2) if true {S1} else {S2},H,V — S1,H,V. (Either S is the same type as
the original expression, or (TS-C-7) is applicable).

3. (S-C-2) if false {S1} else {Sa},H,V — S1,H,V. (Either S; is the same type as
the original expression, or (TS-C-7) is applicable).

Case 6: ' while b {S1}:T1 xTs
1. (S-C-6) while b {St},H,V — if b {St while b {St}} else{S:}, H,V

Since they share the same condition b and the same statement St,
Ckif b{St while b {St}} else{St}: Ty x Tx.

Case 7: 't ejid=eg: T xvoid, 'Fey :t1,'Feg : o
1. (S-S-A-1) ey.id=e9,H,V — €} id = ey, H' )V’

e, H,V — e},H',V' | by inductive assumption, I' e} : t; and T' - H' V"
So, I'+eél.id=ey: T X void.

2. (8-8-A-2) xref(id,Sigfar : t1 = l1,a9 : ta = loy...ap : ty = lp}).id = e, H)V —>
*ref(z’d’,Sid{al =110 ta=la,..an ity =1,}).id = e . H V'

e, HV — e5, H' )V’ by inductive assumption, I' - ¢, : t5 and T+ H' V'
So, T'Exref(id, Sig{ar : t1 =l1,a2 : ta = o, ...an ity =1, }).id =€ : T x void.

3. (S-S-A-S’)*Tef(id, Sid{al sty =1l1,a0 cty = oy .ap t ty, = ln}).id/ =uv,HV —
77]_]/"//

't _: T xwvoid(Underscore Lemma). Since '+ H, H(l;) =v" and T Hv' : ¢;. By
inversion of the typing rules ' - v : t;, also H' = H[v/l], so '+ H',V

4. (S-S-A-4) xref(id,Sig{ar : t1 = l,ae : to = logyan : ty = lp})id =
ref{id",l},H,V — H' V'

'+ :T xwvoid (Underscore Lemma). Since '+ H, H(l;) =v and T v’ : ¢;. By
inversion of the typing rules, H(l)=v and I'Fv:t;. V' =VT]id/l], so T+ H V'

Figure 98: Preservation 1 Part 2 C
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Case 8: I'F Global Definitions St

1. (S-G-1) Global Definitions St — St' (Substitution Assumption)
Case 9: 't e;: void X void. By inversion of the rules, I'Fe:t

1. (8-0-1) ¢;,H —¢';,H',V': By inductive assumption, '+e: ¢, and '+ H' ) V', so0
' e;:void X void.

2. v;,HV — _HV 'k __:wvoid X void. (Underscore Lemma,)
Case 11: T'+ clear(id,l);: void X void
1. clear(id,void);, H,V — _ H'.V': T+ _ :void x void (Underscore Lemma) and
' H' V" (Clear Assumption)

Figure 99: Preservation 1 Part 2 D

Theorem 8.2 Preservation 2

Preservation 2 Part 1: Let I' be some typing context: Fy, Sy, Rs,Es. If T'H E :
T and T is unsafe, '+ H,Vand E,H,V — E'H',V'. Then ' E' :T and '+ H' V',

Proof by strong induction on the depth of the derivation of '+ E : T, (and T'F
E : ax Ty, see Preservation Part 2). Consider the last step of the derivation:

Case 1: 7 is an integer, thus it cannot be reduced.

Case 2: b is a boolean, thus it cannot be reduced.

Figure 100: Preservation 2 Part 1 A
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Case 3: e1 op e3 op € {+,—, %},

I' - E; op By : «, and by inversion of the typing rules, I' = Ey: T7 and I' - Es:

T5.

Consider the possible reductions:

1.

NS v

(S-E-1) ey op ea, H'V —> €] op es, H' V'

e1,H,V — €}, H', V' (by inversion of the evaluation rule). So, by inductive
assumption, I' Fe} : Ty and T' = H')V’'. Thus, I' Fe] op ea : a.

(S-E-1b) nop e, HV — nope, H V'

e, HV — ¢ H',V' (by inversion of the evaluation rule). So, by inductive
assumption, ' Fe' : Ty and ' - H')V’. Thus, I' Fn op €5 : a.

(S-E-1¢c) n op m ,H,V — v, H,V. I assume the basic laws of arithmetic, thus n
op m is an integer. So, '+ v :int, but by (TS-E-4), I' v : «a. (The type: int and
everything else is a sub-type of alpha).

(S-E-1d) Error op ea, H,V — Error,H,V. ' Error:a (TS-E-5)
(S-E-1e) n op Error,H,V — Error,H,V. 't Error:a (TS-E-5)
(S-E-1f) v op ea, H,V — Error,H,V. '+ Error:«a (TS-E-5)
(S-E-1g) n op v,H,V — Error,H,V. '+ Error:«a (TS-E-5)

Figure 101: Preservation 2 Part 1 B
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Case 4: id, *ref(id,v), &id,and ref{id,l}

Since I'id : T1,T' F xref(id,v) : To,I' = &id : T3 and ' ref{id,l} : Ty, and I' - H, V| then
H((V(id)) =v

Consider the possible reductions:

1. T'Fid : xref(id,t), then id, H,V — xref(id,v), H,V(S-V-R-1). T F xref(id,v) :
xref(id,t) (TS-R-3)

2. I'kFxref(id,v) : t (TS-R-2), so sref(id,v),H,V — v, H,V (S-V-R-2) and I'F v:t

3. 'k &id : ref(id,t), then &id, H,V — ref{id,v}, H,V(S-V-R-4). T F ref{id,v} :
ref(id,t)(TS-R-1)

4. ref{id,v}, doesn’t reduce.
5. '+id:t(TS-R-2) id,H,V — Error,H,V (S-V-R-3) I't- Error :t(TS-E-5)
6. I'F&id:t(TS-R-2) &id,H,V — Error,H,V (S-V-R-5) 't Error:t(TS-E-5)

Figure 102: Preservation 2 Part 1 C
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Continuation 17

Case 5: ' FunctionLiteral{St} : T, by inversion of the type rules, ' St : a x Tj

1. FunctionLiteral{St}, H,V — FunctionLiteral{St'},H', V' (S-F-1)

St,H,V — St',H',V' (Statement Reduction Lemma). By inductive
assumption (the second part of the assumption, see Preservation Part 2),
I'ESt:axTyand ' H V. Thus, I' - FunctionLiteral{St'} : T.

2. FunctionLiteral{return v;clear(idy,ly);clear(ida,l2);...clear(idp,ly); }, H,V —
v, H,V (S-F-2) . Recall, I' F return v;: a x Ty, and Ty must be the same type
as v, by inversion of the typing judgement for return (TS-R-1), or . Thus, I'v: T
Also, THH',V' (Clear Assumption)

Case 6: ' - StructLiteral{Sjz{a1 : t1 = e1,a2 : ta = ea,...ap, : tp, = en}} : Siglay : t1,a :
to,...an : ty), by inversion of the typing rules, I' - S;g{a; : t1 = e1,a2 : ta = €a,...ap : ty, =
ent: Siglay i t1,ag : to,...ap : ty,)

1. StructLiteral{S;q{a1 : t1 = e1,a2 : ta = ea,...an 1 ty, = ep}}, H,V — Sijg{a1 : t; =
e1,ag 1 tg =eg,..ap:tn=ep}, H,V (S-S-L-1). Recall, T'F S;4{a; : t;1 =e1,a2 : ta =
€9, ...ty 1ty =ep} : Siglar 1 t1,a9 : ta,...ap : ty)

Case T: 't Sig{ar : t1 = vi1,a2 : tog = v2,...a5 : t; = Vj...@iq1 @ tig1 = €41,0i42 : tiro =
€i4+2,...Aj4n - t«i+n = eHn} : Sl-d(al . tl,CLQ . tg,...ai : ti...ai+1 . ti+1,ai+2 : ti+27 ceeQijgn ti+n).
Also, by inversion of the typing rules, I' - e; 41 : t;41.

1. eiy1,H,V — €j,H' V', so by inductive assumption I' F e}, : t;41 and T' F
H' V. Sid{al (1 = v1,a9 :to = Vg, ..q; T = Vj...Giq1 C i1l = €i41,0i42 ¢ tigo =
€it2, - Qitn : tisn = €ixn}, H,V — Sig{ar 1 t1 = vy,a9 : tog = v9,...q; : t; = Vj...Q441 :
ti—i—l = e§+1,ai+2 : ti+2 = €j42,...Qj4n ti—i—n = GH_n},H/,V/.(S—S—L—Z) Thus, '+
Sia{ar i t1 =v1,a2 1 ta =02, ...a; 1 t; = vi...qiq tip = 62+1,ai+2 (ti42 = €49, ...Qiqp
tign = €itn}  Siglar 1 t1,a2 1 to,...a; = ti..aip1 : tig1, Gig2  tig2, .. Qign * tivn)

2. Sigfar :t1 =v1,a9 1 ta =09, ...q; 1 ti =v;...aiq1 tip1 = Error,ai1o i tiveo = €19, ...Qiqn :
tisn = €iyn}, H,V — Error,H,V.(S-S-L-4) Thus, ' - Error : Sig(a; : ti,a9 :
tg, Q= tl‘...ai+1 : f;i+1,ai+2 : ti+2, e Qjgp ti+n) (TS-E-4)

Case 8: ' Sjg{a1 : t1 =vi,a2 1 ta = va,..an  ty = vn} 2 Siglay 1 ti,az  ta,..apn : ty)

1. (8-S-L-3) Sjg{ay :t1 =v1,a2 :ta = vg,..ap : ty = v} —> Sigfar : t1 =11,a9 1ty =
lo,...an : tn, =lp}, H', V. From the rule, H = alloc(H,v1,v2,...v,) Also, T'+ H' |V
Since, '+ H,11,12,...In ¢ domain(H) and H' = H[vy/l1][ve/ls]...[vn/1n)T F H', V.

Figure 103: Preservation 2 Part 1 D
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Continuation 18
Case 9: '+eid:t,I'Fe: T

1. (S-S-R-1) e.id, H,V — ¢€'.id, H', V'

e,HV — ¢, H',V', by inductive assumption, I' m ¢’ : T and T' - H',V'. So,
I'eéiad:t.

2. (8-8-R-2) xref(id,Sig{ar :t1 =l1,a2 : ta =lo,...ap : tp, =1, }).id ,H,V — v, H,V.
Since ' H, H(l;) = vand T'Fwv:t

3. (8-S-R-3) ref{id,l}.id H,V — ref{id,l;},H,V. Note T F ref{id,l}.id" :
ref(id,t). Since I' - H, H(l;) = v and T'F v :¢. Thus, ' F ref{id,l;} :
ref(id,t). TS-R-1

4. (S-S-R-5) v.id’, H, V — Error, H,V Since, I'Fe.id : t and t is unsafe, ' = Error :
t.(TS-E-4)

Figure 104: Preservation 2 Part 1 E

96



Theorem 8.3

Preservation 2 Part 2: Let [" be some typing context: Fy, Sy, Rs, Es. If T'HE:axT, T'F
H,Vand E,H,V — E' H')V'. Then 'FE' :axT and '+ H', V.

Case 1: let id:t = e; St
['F let id:t = e; St - a x T, by inversion of the rules I'e: T, and ' St:axT

Consider the possible reductions:

1. (S-V-D-1) let id:t = e; St,H,V — let id:t = ¢';St,H', V'

e,H,V — ¢ H'V/. By Preservation 2 Part 1 I'+¢ : T, and T'+ H', V.
St didn’t change, so ' St:axT. Thus, I'+let id:t=¢";St:axT.

2. (8-V-D-2) let id:t = v; St,H,V — St,H'\V' (H' V' = alloc(H,V,id,v)). Tk
St:axT (TS-0-4). So, ' St:axT. Also, H = H[v/l] and V' = V]l/id],
| ¢ domain(H) and id ¢ domain(V), so if T'H H,V then T'+ H' V',

3. (S-V-D-3) let id:t = Error; St, H 'V — Error, H, V.T'F Error:axT.(TS-C-8)

Figure 105: Preservation Part 2 A

Continuation 19
Case 2: id = ¢;

'+ id = e: T x T3, by inversion of the rule, I' - e: T,

Consider the possible reductions:

1. (§-V-A-1) id = ¢;,HV —id=¢;,H V'

e,H,V — ¢/ H',V'. By inductive assumption, I' = ¢ : T,, and T+ H' V.
Thus, I'kid= 6/;: T1 X TQ.

2. (S-V-A-2) id = v;, HV — H,V.T'F_ : Ty x T>(Underscore Lemma).Since
E(id)=tand T+ H,V H(V(id))=v" and T'Fv':t. Since H' = H[v/l], H(V (id)) =v
and 'Fov:t,sol'H'V.

3. (8-V-A-3) id = reffid, I}, H,Vv. — _HV.IT + _ . T x
Ty (Underscore Lemma,). Since R(id) =t and T'+H,V, V(id) =1, H{l') = v
and I'F v : t. By inversion of the typing rules H(l)=v and '+v:¢, so '+ H, V.

4. (8-V-A-3) id = Error;, HV — _ H,V.I'k Error : Ty x Ty (TS-C-8).

Figure 106: Preservation 2 Part 2 B
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Continuation 20
Case 3: 5159

'+ S15: Ty x 15, by inversion of the rules, I' = S7: T3 x Ty, and I'F Sy: Ts X T

Consider the possible reductions:

1. (S§-S-1) 5155, H,V — H' V' (S1 #let id :t =v; Sy # return e;)

S1,H,V — S1,H",V' (Statement Reduction Lemma). So, by inductive
assumption, '+ 5] : T3 x Ty and T'H H' V', So, T'+ 515y : T1 x Ts.

2. (8-8-2) _ So,H,V —» So,H,V, T+ Sy: Ty xTy (TS-C-5)

3. (S8-S5-83) return v;Se, H,V — return v;, H,V : ' F return v;: Ty x Ty. (Either re-
turn is the same type as the original expression, or (T'S-C-7) is applicable).

4. (S-S-4) Error So,HV — Error,H,V, Tt Error:T) xTy (TS-C-8)
Case 4: return e; 't return e;: Ty x Ty, by inversion of the rules I'e: T,

1. (S-R-1) return e;, H,V — return ¢';, H', V'

e, H'V — ¢/ ,H',V'. So, by inductive assumption I' e : T, and '+ H' V.
So, I' - return €';: Th x Ts.
2. (S-R-2) return Error;, H,V — Error,H,V. I' - Error : T} x Ty (TS-C-8).

Case 5: I'Fif b {S1} else {Sa} : T1 x Ty. By inversion of the typing rule I'+b:T,, '
51 2T‘3,><T47 andFl—Sz:T5xT6

1. (S-C-1)if b {S1} else {S2},H,V —if b/ {S1} else {Sa}, H', V'

b,HV — U/, H',V' so by inductive assumption I' =¥ : T, and T+ H' V.
Thus, T'Fif b {S1} else {Sa} : T1 x To.

2. (S-C-2) if true {S1} else {S2},H,V — S1,H,V. (Either S is the same type as
the original expression, or (TS-C-7) is applicable).

3. (S-C-3) if false {S1} else {Sa},H,V — Sy, H,V. (Either S; is the same type as
the original expression, or (TS-C-7) is applicable).

4. (S-C-4) if Error {S1} else {S2},H,V — Error,H,V. I't- Error: Ty x Ty (TS-
C-8)

Figure 107: Preservation 2 Part 2 C
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Continuation 21
Case 6: ' while b {S1}:T1 x Th

1. (S-C-6) while b {St},H,V — if b {St while b {St}} else{S;}, H,V

Since they share the same condition b and the same statement St,
C'kif b{St while b {St}} else{St}: Ty x Tx.

Case 7: 't ejiid=eg: T xvoid, 'Fey :t1,'Feg : to
1. (S-S-A-1) ey.id=e9, H,V — €} id = ey, H' )V’

e1,H,V — e},H', V' | by inductive assumption, I' - e} : t; and T' - H' V"
So, I'+eél.id=es: T x void.

2. (8-8-A-2) xref(id,Sigfar : t1 = l1,a9 : ta = loy...ap : ty = lp}).id = e, H)V —>
*ref(z’d’,Sid{al cty=l1,a9 :ta=lo,..an ity =1, }).id = e H V'

e, H)V — ¢4, H' )V’ by inductive assumption, I' - ¢, : to and T+ H' V'
So, T'Exref(id, Sig{ar : t1 =l1,a2 : ta =lo,...an ity =1, }).id = € : T x void.

3. (S-S-A-S’)*ref(id, Sid{al sty =1l,a0 tty = oy .ap t ty, = ln}).id/ =uv,HV —
77H/,V/

'+ _ : T xwoid(Underscore Lemma). Since ' H, H(l;) =v" and T' -9 : ¢;. By
inversion of the typing rules, H(l)=v and I'Fv:t;. V' =VV]id/l], so T+ H' V'

4. (S-S-A-4) xref(id,Sig{ar : t1 = li,a2 : to = loyan : ty = lp})id =
ref{id"l},H,V — H' V'

't : T xwoid (Underscore Lemma). Since ' H, H(l;) =v' and T'=v : ¢;. By
inversion of the typing rules I' v : ¢;, also H = H[v/l], so T+ H' )V’

5. (S-S-A-4) vid =v,H,V — Error,H,V T'+ Error : T x void, (TS-C-8).
Case 8: 't Global Definitions St

1. (S-G-1) Global Definitions St — St’ (Substitution Assumption)
Case 9: 't e;: a xvoid. By inversion of the rules, I'-e: ¢

1. (8-0-1) ¢;,H —¢';,H',V': By inductive assumption, 'e: ¢, and '+ H' ) V', so
I'Fe;: axvoid.

2. v;,HV — H,V T'F__ :axwoid.(Underscore Lemma)

3. Error;, HV — Error,H,V T't Error: a x void. (TS-C-8)

Figure 108: Preservation 2 Part 2 D
99



Continuation 22
Case 10: '+ free(id);: a x void

1. (S-0-4)free(id);,H,V —  H' V' Since id¢ R, T+ H', V.
2. (5-0-5)free(id);,H,V — Error,H,V. I't Error : a x void (TS-C-8)

Figure 109: Preservation 2 Part 2 E
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9 Concluding Theorems

Theorem 9.1 Safe Expression Soundness

If H E: t and t is safe, E is an integer, a boolean, a reference or structure literal, or

EHYV —FE H.,V and - E and - H V.

Proof: by (Progress 1) (Part 1), if - E: t and FE is safe, E is an integer, a
boolean, a reference or structure literal, or F, H,V — E’ H',V'. By (Preservation 1)
(Part 1) F E' :t and - H', V.

Theorem 9.2 Safe Statement Soundness

If - E :void x T, then E'is , or there exists some F’, such that £, H,V — E' H' V',
and F F :void xT.

Proof: by (Progress 1) (Part 2), if - E : void x T, then E is _, or there exists
some E’ such that E,H,V — E' H',V'. By (Preservation 1) (Part 2) - E' : void x T
and - H', V.

Theorem 9.3 Unsafe Expression Soundness

If F E: t and t is unsafe, F is an integer, a boolean, a reference or structure literal, Error,
or BE.HV — E' H' V' and - E' and - H',V'.

Proof: by (Progress 1) (Part 1), if - E: t and E is safe, E is an integer, a boolean,
a reference or structure literal, Error, or E,H,V — E' H'.V'. By (Preservation 1)

(Part 1) F E' :t and - H', V.

Theorem 9.4 Unsafe Statement Soundness

If-E:axT,then Eis , Error, or there exists some E’, such that £, H,V — E' H' V.

Proof: by (Progress 1) (Part 2), if - E : ax T, then E is , or there exists
some E’) such that E,H,V — E' H',V'. By (Preservation 1) (Part 2) F F':axT
and - H', V.

Figure 110: Theorems 2
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Theorem 9.5 Soundness

F E: T, where T is any type derivable by the typing rules, then E is an integer, boolean,
reference or structure literal, Error, or E,H,V — E' H'V' and - E : T.

Proof: T is either some safe t, an unsafe t, void x T" or a x T", so by (Safe Ex-
pression Soundness),(Safe Statement Soundness)(Safe Expression Soundness)
or (Safe Statement Soundness), E is an integer, boolean, reference or structure literal,
Error, or E.H,V — E' H' V' and - E:T

Theorem 9.6 Safety

If - E:tand t is safe or = E : void x T, then E is an integer, a boolean, a safe reference or
structure literal, or E,H,V — E' . H' V' and - E :t or - E : void X T (depending on the
initial type of E) and - H', V',

Proof: If - E: t, (Soundness 1), and if - £ : void x T, (Soundness 2).

Figure 111: Theorems 2
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